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1. Introduction

Ever since the publication of Sims (1980), the use of vector
autoregressive (VAR) models for applied economic research and
policy analysis has been widespread. Impulse response analysis
from well identified VAR systems, the so called ‘structural’ VAR
models (SVAR), has been routinely used to ascertain the impact
of a certain shock on macroeconomic variables. Policy institutions
are often interested not only on the impact of a single shock but
rather on the forecast of a macroeconomic variable conditioned on
certain assumptions on the future path of certain macroeconomic
variables or shocks. This would allow for example the computation
of forecasts of GDP growth under alternative assumptions on
the future path of monetary policy, say gradual tightening, or
loosening of the monetary policy stance. Waggoner and Zha
(1999) provided a satisfactory method to solve this problem. The
aim of this note is to illustrate how conditional forecasts from
SVAR models can be also simply computed using Kalman filtering
techniques. The use of Kalman filtering techniques is nowadays
routine for applied macroeconomists, and hence the computation
of conditional forecasts and associated error bands using these
methods should be straightforward to implement. The method
relies on the formulation of a state space representation for the
SVAR model. This state space representation of the SVAR model
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enables to easily formulate conditional forecasts which rely on
imposing alternative assumptions on either the value of future
endogenous variables or the value of future well identified shocks,
or on a combination of both.

Whether the computation of conditional forecasts by means
of the Bayesian techniques put forward in Waggoner and Zha
(1999) and extended in Jarocinski (2010) is computationally more
efficient than the techniques presented in this note remains an
issue for further research. It is our view that this issue will be
very much dependent on computer architecture structure and
on the actual implementation of the programming code. For
example, many of the matrix algebra operations in the Kalman
filter iterations reported in this note can be very much simplified
by means of sparse matrix methods. Of course, the techniques
reported in Waggoner and Zha (1999) are more general and can
deal with ‘range’ conditional forecasts, i.e., the projected path of a
certain endogenous variable is constrained to lie within a certain
range; something not dealt with in this note.

2. Conditional forecasts for SVAR models
2.1. State space representation of SVAR models

Assume that the dynamics of a k x 1 macroeconomic series x;
is well described by the following SVAR model:
Xt :th,] +R€[, (1)

where B and R are k x k matrices of parameters and &; isa k x 1 zero
mean Gaussian random vector with identity covariance matrix.
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For the sake of clarity only one lag of x; is included on the right
hand side of (1), extension to more lags follows easily. If we define
¥. = (%, &), where the new artificial variable £, is nothing but
&1 indisguise, the SVAR model can be written in state space form
as:

Y =Cs;
st = As;_q +uq, (2)
where

I 0 B R
=6 1) 2= 5):
(0. _ , (0 0
ut_<€t+1), Eu_Eutut_(o I)

and I denotes a k-dimensional identity matrix, and the dimensions
of the other matrices are defined accordingly. When the parameter
matrices of the state space model (2) are a function of a known
parameter vector p, for known starting values of s, and its
covariance matrix Py, the fixed interval smoother of Ansley and
Kohn (1982) provides an optimal estimator, in the mean square
error sense, of the state s, conditional on available information.
Importantly, in the implementation of the fixed interval smoother
shown below, missing observations in y; can be properly handled.
When the length of the y, series is T, then this estimator is denoted
assyr = E{sty1, ..., yr, 0o}

Conditional forecasts in the context of our state space model can
thus be simply retrieved from this estimator. The macroeconomic
series x; are observed from t = 1 to T, while over the projection
horizont = T+1to T+P some of them are treated as known, while
others, those for which the conditional forecast will be computed,
are treated as missing. As for the shocks &, these are treated as
missing fromt = 1toT—1whilefromt = T to= T+P—1we may
choose to treat some as known by imposing a certain value on those
observations. Conditional forecasts are then computed from ;7 p.
Table 1 illustrates different types of conditional forecasts which
may be computed by imposing a variety of restrictions on a three-
dimensional macroeconomic series and corresponding shocks.

e Unconditional projection (CF1). This is equivalent to running
standard forecasts with a standard VAR model.!

e ‘Impulse response’ conditional projection (CF2). The output
provided would show the projected series assuming a unit
shock to one of the innovations. Contrary to what is usually
reported when displaying standard impulse response functions,
the conditional forecasts provide the path for the series, and
these depend on the starting value xr.

e ‘Path shock’ conditional projection (CF3). The output provided
would show the projected series under the assumption that
we know the future path of certain shocks. This would allow
for example the possibility of studying the impact of gradual
monetary policy tightening on growth.

e ‘Path shock-series’ conditional projection (CF4). This would
provide the conditional forecasts under certain assumptions on
the future path of certain regressors and certain shocks.

e ‘Unbalanced path shock-series’ conditional projection (CF5).
This would provide the conditional forecasts under certain
assumptions on the future path of certain regressors and certain
shocks at some given points in time which may not necessarily
coincide.

1" A few remarks on the implementation of this method are in order. When &,
is assumed as ‘missing’ or ‘unobserved’, the model collapses to the standard SVAR
model, and for a correct initialization of X, the estimate of & computed by means
of the Kalman filtering techniques described below in this section, will provide
nothing but the same estimated residuals & computed in a standard manner from
the SVAR model. As for the projected values, the estimated value for the future
residuals, i.e., &,; fori = 0,1, ..., P would then be zero, as these are assumed
zero mean Gaussian iid shocks.

Table 1
Alternative database structures to conduct conditional forecasts.?
Type ¢ Regressors x; Shocks &,
X1t X2t X3¢ E1,t+1 €2.t+1 €341
, ~ « ~
Yroq X1,T-1 X2, 71 X371 e11 €21 €31
/
yr X1,7 X1 X3 7T . . .
’
CF1 yr, : : :
/
Yrip
, A A A
Yr_q X1,7-1 X2, 71 X371 €11 &t €31
'
yr X1 Xa.T X3,T 1 . .
/
CF2 Yri . . .
/
Yrip
, o o o
Yr_q X1,7-1 X2, 71 X371 e1r eyt 371
/
Yr X1,T X2,T X3T 1,741 €2 741 :
/
. . . e e
CF3 Y11 1,T+2 2,T+2
,
Yrip—1 E1,74P &2 74P
'
Yrip : :
, N X N
Yr_q X1,1-1 X271 X37-1 &1 &t 371
/
Yr X1,1 X2,7 X3,7 : €2 T+1 :
/
X . €
CF4 Y11 1,T+1 2.T42
/
Yrip-1 X1,T4+P—-1 €2, T+P
/
yT.HJ X1,T+P N
, A A A
Y1 X1,7-1 X271 X371 €11 &t 31
'
Yr X1,7 X2T X3 T . .
/
Y11 X1,T41 :
!
CF5 Yri2 . €2 7T+43
/
Yrop1 €2, 74P
'
yr+p X1,T+P :

2 The symbol ‘-’ is used to indicate missing data, or data which will be estimated.
&7 is used to denote the estimated and identified i-th residual at time T.
CF1, ..., CF5 are defined in the text.

2.2. On well-defined conditional forecasts

A few remarks are in order on the different types of conditional
forecasts reported in Table 1. In particular, we may very well
encounter the problem that we are imposing more restrictions that
we are in truth entitled to. For example, it is obvious that fixing the
estimated path of all shocks is equivalent to fixing the estimated
path of all series. Additionally, the structure of R and B may
potentially render certain conditional forecasts as simply flawed
or ill-posed. For example, if the structure of R and B suggests that
one series depends solely on one shock, then fixing that shock over
the projection horizon is equivalent to fixing the projected path
for that series. Were we, under such structure, to fix the values of
both that shock and this series, such conditional projection would
be ill-posed. Formal conditions for the conditional projection to be
well defined and not ill-posed are given below. To do so, system (1)
projected P steps ahead can then be written as:

Xr = Fx; + Mér, (3)
where:

XT+1 €T41
% = X742 & = €142

XT4p ETtp

B R 0 0

2 BR R 0

F= B . M = e e e 0

B’ B°"'R B"?R --- R

Conditional forecasts amount to imposing restrictions on the value
of certain elements of ¥r or &r. Such restrictions will be ill-
posed when as a result of them Eq. (3) cannot hold. Note that
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by construction M is a non-singular matrix, and Fxr is a constant
vector. Therefore, were we not to impose any restrictions on Xy, we
would be free to impose any number of restrictions on the value of
the elements of &r. Of course, were we to fix all elements of &7, the
elements of X would be automatically fixed from (3). Were we to
impose restrictions in both ¥y and &7 more caution is warranted.
Imagine that we impose r restrictions on the elements of Xy given
by the index vector i, and s restrictions on the elements of &7 given
by the index vector js. Then conditions are ill-posed when one of
the following conditions is not met: (i) the number of restrictions
r + s is strictly less than the dimension of X7; (ii) the submatrix of
M formed with those rows not included in i, and those columns
not included in js is of rank at least ¢ — r — s; (iii) the submatrix
of M formed with those rows included in i, and those columns not
included in js is of full row rank.

2.3. Computation of conditional forecasts

If we further define the so called ‘filtered’ estimate of the state
S; as Syt = E{s¢|y1,...,¥: 0o} and its associated covariance
matrix as Py;, the conditional forecasts s¢r4p and their associated
covariance matrix Pyr4p can be computed using the following
implementation of the fixed interval smoothing algorithm of
Ansley and Kohn (1982)2.

Step 1: Initialization. Set Sy_q;r—1 = Yr—1 in line with the relevant
setting as shown in Table 1; also set Pr_q;r—; = 0. Further define
fori = 0,1,...,P, the 2k x 2k diagonal matrices J;,; with the
j-th diagonal element equal to 1 if the j-th observation of y;,; is
available and zero otherwise.

Step 2: Kalman filtering ‘forward’ iterations. Compute recursively the
following equations fromt = T untilt = T + P.

Py_1 =AP_1; 1A' + X,

Ki = Pe_1C' (JiCPy_1CJ;) "

S = Ase_q—1 + K; (.Vt - CASt—l\t—l)

Py = Pyji—q — K CPye_4

and where T is used to denote the Moore-Penrose inverse.

Step 3: Smoothing ‘backward’ iterations. Compute recursively
‘backwards’ fromt = T+P—1until t = T the following equations.
Seir4p = Seie + He (Set1i74p — ASyye)

Piryp = Py — H (Pei1jc — Peyyrep) HY,

where H; = P[‘tA/P;L]”t, and s;|¢, Pyc and P;); are obtained from

the Kalman filter iterations of step 2.

2.4. Asymptotic error bands for conditional forecasts

The conditional forecasts srr4p and corresponding covari-
ance matrices Prr4+p shown above have been constructed un-
der the assumption that the parameter vector 6 is known. This
is clearly not satisfactory because the SVAR model is usually es-
timated. Let us adopt now the notation, which for the sake of

2 For a textbook treatment of the Kalman filter see Harvey (1993).

clarity was avoided in the previous sections, that makes the de-
pendence on the parameter vector 8 explicit by using Pr_jjr+p (6)
and srjjr+p (). To compute estimates which are not conditioned
on the parameter vector being known, Hamilton (1986) proposed
the adoption of a Bayesian approach and assumed that rather
than being known or fixed, the parameter vector # should be best
thought as random with known posterior probability distribution
f(0,y1,...,yr).Conditional forecasts and error bound estimators
which take on board the random nature of , i.e., are conditioned
exclusively on the data could thus be computed as follows:

STiT4p = /sT+i\T+P @) f @O,y1,....,yr)do

Prijrp =

/ [PT+i\T+P @) + Qryijr+p (9)]
xf@0,y1,...,yr)do
and where:
Qrir4+p (0) = (Srir+p (0) — Sr4ir+p)
X (Srir+p (0) — §T+i|T+P)/ .
Rather than computing Sr.74p by means of simulations, use of

ST4iT+P (9), where @ is a maximum likelihood estimator, is a valid
approximation. Computation of IA’HHHP can be done by means of
the following algorithm proposed by Hamilton (1986).

Step 1: Simulate the series {61, 6;, ..
number.

Step 2: For every 6; compute Sririp (6;), Priir+p (6j) and
Qriir+r (6))-

Step 3: The covariance matrix for the conditional forecasts is then
computed as:

., 0y} where N is a large

. 1 &

Priiryp = N Z [Priir+p (65) + Qrrir+r (65)] -
j=1
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