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�� )NTRODUCTION
&OR MORE THAN A DECADE NOW� NONLINEAR SCIENCE HAS BEEN CONTRIBUTING IMPORTANT INSIGHTS IN
A WIDE RANGE OF çELDS� 4HE OBSERVATION THAT MANY SCALAR MAPPINGS GENERATE DATA WITH THE
SPECTRAL DENSITY OF WHITE NOISE HELD OPEN THE POSSIBILITY THAT APPARENTLY COMPLEX PHENOMENA
HAD SIMPLE EXPLANATIONS� !N EARNEST SEARCH FOR CHAOS IN ECONOMIC AND çNANCIAL DATA FOLLOWED�
7ITH THIS DECADE HAS COME PERSPECTIVE� 4HE MAJORITY OF EVIDENCE SUGGESTS THAT ECONOMIC

AND çNANCIAL DATA� WHILE NONLINEAR� IS NOT LOW DIMENSIONAL CHAOS� 2ESEARCH IS NOW CENTERED
ON UNDERSTANDING NONLINEARITIES OF ANY KIND� REGARDLESS OF WHETHER THEY ARE CHAOTIC�
.ONPARAMETRIC STATISTICAL METHODS� BECAUSE THEY REQUIRE VERY WEAK POPULATION ASSUMP


TIONS� HAVE PROVEN THEIR VERSATILITY IN THIS AREA� ENABLING THE STUDY OF CHAOS AND LINEAR TIME
SERIES MODELS WITH THE SAME TOOLS� 4HE CORRELATION INTEGRAL OF 'RASSBERGER AND 0ROCACCIA
�����	� A MEMBER OF A CLASS OF NONPARAMETRIC STATISTICS KNOWN AS 4 
STATISTICS� HAS BECOME
A STANDARD TOOL IN THE ANALYSIS OF DYNAMICAL SYSTEMS� "ROCK� $ECHERT AND 3CHEINKMAN
�"$3� ����	 CLEVERLY ADAPTED THE CORRELATION INTEGRAL INTO A POWERFUL TEST FOR INDEPENDENCE
AND IDENTICAL DISTRIBUTION� 4HE !#2 TEST HAS BECOME THE BENCHMARK BY WHICH TO JUDGE
ALTERNATIVE NONPARAMETRIC TESTING PROCEDURES�
4HE WEAK POPULATION ASSUMPTIONS OF THE !#2 COME AT A PRICE� 4YPICALLY� NONPARAMETRIC

STATISTICS CONVERGE AT A SLOWER RATE THAN PARAMETRIC STATISTICS� WITH THE RATE OF CONVERGENCE
DEPENDING ON DIMENSION� ) DOCUMENT THIS SLOW CONVERGENCE OF THE !#2 IN A SERIES OF -ONTE
#ARLO EXERCISES� 4HE !#2� THOUGH ASYMPTOTICALLY NORMAL� HAS EXTREMELY HIGH RATES OF 4YPE
) ERROR� 7ITH THE UNIFORM ����	 DISTRIBUTION� FOR EXAMPLE� A NOMINAL �� TEST REJECTS ABOUT
��� OF THE TIME IN A SAMPLE OF ��� OBSERVATIONS WITH A TWO DIMENSIONAL TEST AND ��� OF THE
TIME IN A çVE DIMENSIONAL TEST�
4HIS PAPER REVEALS THAT A SMALL AMOUNT OF STRUCTURAL INFORMATION CAN DRAMATICALLY IM


PROVE THE SIZE AND POWER OF NONPARAMETRIC TESTS FOR INDEPENDENCE� ) DEçNE LOCAL INDEPENDENCE
OF ORDER O AS THE PROPERTY THAT THE UNCONDITIONAL PROBABILITY WS
O OF EQUALS THE CONDITIONAL
PROBABILITY OF WS
O GIVEN WS� ) THEN CONSTRUCT A DISTRIBUTION FREE TEST OF THIS HYPOTHESIS FOR
ANY COMBINATION OF OÚS�
4HIS NEW SIMPLE NONPARAMETRIC TEST �2-3 	 HAS SEVERAL DISTINCT ADVANTAGES� )T IS COM


PUTATIONALLY SIMPLER� "Y TESTING FOR A SPECIçC TYPE OF DEPENDENCE� THE 2-3 HELPS THE DATA
ANALYST IN IDENTIFYING THE MODEL� THE!#2 SIMPLY TELLS YOU THAT THE DATA ARE NOT INDEPENDENT�
BUT IT DOES NOT SUGGEST ANY PARTICULAR ALTERNATIVE�
-ONTE #ARLO SIMULATIONS REVEAL THAT THE 2-3 HAS MUCH LOWER RATES OF 4YPE ) ERROR THAN

THE !#2� 4HESE ERRORS ARE ALSO ROUGHLY EQUAL ACROSS POPULATIONS� WHILE FOR THE !#2� THEY
VARY AS MUCH AS ��� OR MORE BETWEEN THE NORMAL AND UNIFORM DISTRIBUTIONS�
/NCE THE TEST STATISTICS ARE PROPERLY SIZED� THE 2-3 FREQUENTLY IS A MORE POWERFUL TEST

FOR NONLINEAR DEPENDENCE� &OR � OF THE � DATA GENERATING MECHANISMS STUDIED BY "ROCK�
(SIEH AND ,E"ARON �����	� THE 2-3 HAS BETTER POWER� 4HE TEST HAS ALSO PROVED USEFUL IN
APPLICATIONS� -IZRACH �����	 HAS USED THE TEST TO DETERMINE THE DELAY TIME TO BE USED IN A
PHASE SPACE RECONSTRUCTION�
4HE ORGANIZATION OF THE PAPER IS AS FOLLOWS� )N 3ECTION �� ) LAY OUT THE GENERAL THEORY OF

4 
STATISTICS LEADING TO A DEVELOPMENT OF THE CORRELATION INTEGRAL� &ROM THERE� ) PRESENT THE
!#2 TEST� 3ECTION � DEVELOPS THE 2-3 � -ONTE #ARLO ANALYSIS OF THE SIZE OF THE TWO TESTS IS
IN 3ECTION �� AND POWER IS EXAMINED IN 3ECTION �� 3ECTION � CONTAINS THE TWO APPLICATIONS�

�



3ECTION � CONCLUDES WITH A VIEW TOWARDS FUTURE RESEARCH�

�� 5
3TATISTICS AND THE "$3 4EST
4HIS SECTION BEGINS WITH THE BASIC THEORY OF 4 
STATISTICS� ) PROCEED WITH THREE EXAMPLES� TWO
RELATIVELY STRAIGHTFORWARD� THE THIRD� QUITE COMPLICATED� 4HE LATTER IS THE CORRELATION INTEGRAL
WHICH UNDERLIES THE TEST FOR INDEPENDENCE PROPOSED BY "ROCK� $ECHERT AND 3CHEINKMAN
�����	� !SYMPTOTIC THEORY FOR 4 
STATISTICS IS DISCUSSED IN 3ECTION ���� ) DEVELOP THE !#2
TEST IN 3ECTION ����

��� !N )NTRODUCTION TO 5
3TATISTICS

) BEGIN WITH A DEçNITION OF THE GENERALIZED SAMPLE AVERAGES KNOWN AS 4 
STATISTICS�� ,ET FW
H
G

BE A STRICTLY STATIONARY STOCHASTIC PROCESS TAKING ON VALUES IN 1M WITH DISTRIBUTION FUNCTION
% � ,ET F7�� ���� 7M

G BE A SAMPLE OF SIZE M� 4HE COMPONENTS INCLUDE A KERNEL� A SYMMETRIC
MEASURABLE FUNCTION G � �1L�I � 1� WHERE I AND L ARE INTEGERS w �� AND THE PERMUTATION

OPERATOR� f
M�I
� WHICH SUMS OVER THE

�
M
I

�
DISTINCT COMBINATIONS OF I
ELEMENTS IN A SAMPLE

OF SIZE M� $EçNE THE CANONICAL MAPPING�
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4O DEMONSTRATE THE BREADTH OF THE 4 
STATISTICS� ) BEGIN WITH TWO SIMPLE EXAMPLES FROM

3ERâING ������ #H��	� ,ET I � �� L � �� G�W
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NAMELY� THE SAMPLE VARIANCE�
/UR THIRD EXAMPLE� WHICH WILL LEAD US TO THE HEART OF THE PAPER� REQUIRES A LITTLE MORE

NOTATION� $EçNE THE VECTOR L
HISTORY�

WL
S
� �WS� WS
�� ���� WS
L`��� ����	

AND DENOTE ITS JOINT DISTRIBUTION BY % �WL
S
�� )NTRODUCE THE KERNEL WITH I � �� G � 1Lb1L �

1�
�4HE SEMINAL REFERENCE IS (OEdDING �����	� -Y NOTATION FOLLOWS 3ERâING �����	�
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����	 IS THE EXPECTED NUMBER OF L
VECTORS LESS THAN � AWAY FROM ANY GIVEN L
VECTOR� !T
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! 4 
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IS A CONSISTENT ESTIMATOR OF ����	�WHERE - � M`L
 ��

��� !SYMPTOTIC 4HEORY FOR 5
3TATISTICS

4HE BASIC RESULTS IN ASYMPTOTIC THEORY FOR 4 
STATISTICS IN THE TIME SERIES CASE ARE DUE TO
$ENKER AND +ELLER �����	� 4O UNDERSTAND THEIR WORK MORE CLEARLY� WE NEED TO INTRODUCE
SOME ADDITIONAL NOTATION�
#ONSIDER çRST A SET OF FUNCTIONS ASSOCIATED WITH EACH KERNEL� FOR � v B v I ` ��

GB�W� s
:
���
:
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�����	 IS JUST A CONDITIONAL EXPECTATION FOR THE KERNEL GIVEN 7�� � � � � 7B�

$% :G�7�� ���� 7I�JW� � 7�� ���� WB � 7B<� �����	

)T WILL BE USEFUL FOR OUR PURPOSES TO CENTER AROUND THE UNCONDITIONAL MEAN� DEçNING

t�% � s $% :G�7�� ���� 7I�<� �����	

!LSO DEçNE THE CONDITIONAL EXPECTATIONS CENTERED ABOUT t�

]GB�W� s GB�W�` t�% ��

$ENKER AND +ELLER THEN SHOW THAT UNDER WEAK DEPENDENCE ASSUMPTIONS�� AND FOR A

BOUNDED KERNEL G SUCH THAT RTO
S�w������SIw�

$
nnnG�WS�

� ���� WSI

nnn�
p

��� THE STATISTIC

�$ENKER AND +ELLER �����	 ASSUME THAT FXTG IS AN ABSOLUTELY REGULAR PROCESS WITH MIXING COEbCIENTS n�N	
SATISFYING n�N	p����p	 � /�N`���	 FOR SOME p � �� AND � � ���� }� �� �� 4HIS CONDITION IS TRIVIALLY SATISçED
FOR AN I�I�D� PROCESS�
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4HE DERIVATION OF THE !#2 STATISTIC AS WELL AS THE 2-3 DEVELOPED IN SECTION � WILL DRAW
HEAVILY ON THIS RESULT�

��� 4HE "$3 4EST

"ROCK� $ECHERT� AND 3CHEINKMAN �����	 HAVE DEVELOPED A POWERFUL TEST FOR INDEPENDENCE
AND IDENTICAL DISTRIBUTION BASED ON THE CORRELATION INTEGRAL WE çRST ENCOUNTERED IN PART �� )F
THE SAMPLE IS GENERATED BY AN I�I�D� DATA GENERATING MECHANISM� THE JOINT DISTRIBUTION OF A
VECTOR L
HISTORY SHOULD FACTOR INTO THE L �IDENTICAL	 MARGINALS�
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"Y COMPARING "�L�-� �� FOR DIdERENTLÚS� THE "$3 APPROACH TESTS WHETHER THIS FACTORIZATION
IS CORRECT�
)NTUITIVELY� CONSIDER THE EVENT WITH L � �� ( :JWS ` WRJ � �<� )NTEGRATING WITH RESPECT TO

ALL WÚS� ONE HAS THE UNCONDITIONAL PROBABILITY OF ALL SUCH EVENTS� "��� ��� 5SING THE ?� NORM�
IT SHOULD THEN BE L
TIMES AS UNLIKELY THAT L EVENTS WILL ALL BE LESS THAN ��
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-ORE FORMALLY� DEçNE

2�L�-� �� � "�L�-� ��` "��� -� ��L� �����	

"ECAUSE THE STATISTIC �����	 IS THE DIdERENCE BETWEEN TWO SAMPLE MEASURES� THE ASYMPTOTIC
THEORY IS MORE COMPLICATED� $ENKER AND +ELLERÚS THEOREM PERTAINS ONLY TO THE STANDARD CASE
WITH ONE SAMPLE AND ONE POPULATION MOMENT� E�G� 2�L� �� s "�L�-� �� ` "��� ��L� AND
CANNOT BE APPLIED DIRECTLY�
,ACKING KNOWLEDGE OF THE POPULATION MOMENT� "$3 PROCEED USING THE ÝDELTAÞ METHOD

DESCRIBED IN 3ERâING ������ #H��	� 3ERâING SHOWS THAT THE ASYMPTOTIC VARIANCE OF �����	 IS
THE SAME AS ITSÚ 4AYLOR EXPANSION��

2�L�-� �� { "�L�-� ��`"�L� ��`L"��� ��L`�:"��� -� ��` "��� ��<� �����	

5SING THE LINEAR COMBINATION OF 4 
STATISTICS IN �����	� "$3 THEN SHOWED THAT

�-ORE GENERALLY� CONSIDER SOME VECTOR OF SAMPLE AND POPULATION STATISTICS Z s �Z
�
� ���� ZK	 .�x�f	� ,ET

& �Z	 BE SOME FUNCTION WITH A NON
ZERO DIdERENTIAL FOR EACH COMPONENT� AND LET $ s ; &I� ZJ JX�x= THEN & �Z	
IS DISTRIBUTED .�& �x	� $f$�	
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4HE STATISTIC �����	 HAS BEEN WIDELY APPLIED� IN THE LITERATURE AS A TEST FOR INDEPENDENCE�
'IVEN ITS ABILITY TO SHRUG Od NUISANCE PARAMETERS�� THE !#2 HAS BECOME A POWERFUL PORT

MANTEAU STATISTIC FOR MODEL SPECIçCATION�

�� ! 3IMPLE .ONPARAMETRIC 4EST
)N THIS SECTION� ) PROPOSE A SIMPLER TEST FOR INDEPENDENCE� )T HAS SEVERAL ADVANTAGES� )T
IS COMPUTATIONALLY QUICKER� INVOLVING ONLY CALCULATIONS OF ORDER - � AS OPPOSED TO - � FOR
THE !#2� 4HE VARIANCE OF THE 4 
STATISTIC ) DERIVE IS SIMILAR TO THAT OF A BINOMIAL RANDOM
VARIABLE� )N 3ECTIONS � AND �� ) SHOW THAT THE SIMPLE TEST HAS MUCH BETTER SIZE AND POWER
THAN THE !#2 IN SAMPLES OF LESS THAN ��� OBSERVATIONS�
) WILL DEçNE A STOCHASTIC PROCESS TO BE LOCALLY INDEPENDENT OF ORDER O IF THE REALIZATION

WS PROVIDES NO INFORMATION ABOUT THE PROCESS O PERIODS AHEAD� &ORMALLY� THIS IMPLIES THE
EQUALITY OF THE CONDITIONAL AND UNCONDITIONAL DISTRIBUTIONS� ,ET �O�� ���� OL`�� BE A SET OF
INCREASING INTEGERS ON :�� +<� + � M`L
 �� ,OCAL INDEPENDENCE THEN IMPLIES
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4O ESTIMATE THE JOINT� % �WL
S
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4HE JOINT UNCONDITIONAL PROBABILITY THAT L LEADS OF THE WÚS ARE LESS THAN � IS GIVEN BY
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WHERE FOR NOTATIONAL CONVENIENCE ) SET O
�
� �� ! CONSISTENT ESTIMATOR OF ����	 IS THE 4 


STATISTIC
�)N PRIVATE COMMUNICATION� $EE $ECHERT REPORTS THAT NEARLY ��� ARTICLES HAVE EMPLOYED THE "$3�
�4HE NUISANCE PARAMETER RESULTS PERTAIN TO THE ABILITY TO APPLY THE TEST TO RESIDUALS FROM LINEAR çLTERS�

3EE $E,IMA �����	�
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WHERE - � M`L@W:OH<�
! SIMPLE TEST FOR LOCAL INDEPENDENCE CAN THEN BE CONSTRUCTED USING CONSISTENT ESTIMATORS

OF THE çRST TWO MOMENTS OF THIS 4 
STATISTIC�

0ROPOSITION� ,ET FW
S

G BE LOCALLY INDEPENDENT FOR ANY O
H
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0ROOF� 4HE PROOF CAN BE STATED AS A COROLLARY TO $ENKER AND +ELLER �����	 AFTER USING
THE DELTA METHOD TO CALCULATE THE ASYMPTOTIC VARIANCE� ) WILL SUPRESS THE �ÚS THROUGHOUT TO
CONSERVE ON NOTATION� 4AKING THE 4AYLOR EXPANSION AROUND THE MEANS OF THE NUMERATOR IN
����	 GIVES US THE 4 
STATISTIC�
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WHERE w� � t�L` �� AND w� � t���� !S IN "$3� WE MAY THINK OF ����	 AS A COMBINATION OF
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"ECAUSE OF THE ONE
ARGUMENT KERNEL �I � ��� THE CONDITIONAL EXPECTATIONS �����	 TAKE A
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&OR THE COVARIANCE TERMS� BECAUSE OF THE I�I�D ASSUMPTION� WE NEED ONLY CONSIDER THEL`�
OVERLAPPING TERMS OF THE L
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#OMBINING ����	 AND �����	 � WE HAVE

t���t�L` ��:��` t�L` �����` t����<� �����	

4HIS IS OF COURSE JUST THE DENOMINATOR OF ����	 FOR LARGE - � 4HIS COMPLETES THE CALCULATION
OF THE VARIANCE AND THE PROOF�


4O PROVIDE SOME INTUITION� NOTE THAT THE EXPECTED NUMBER OF L
CHAINS WITH A VALUE OF �
IN A SAMPLE OF SIZE - IS
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7E SEE THAT THE �����	 IS SIMPLY THE VARIANCE OF A PAIR OF "ERNOULLI TRIALS WITH PROBABILITY
t�L� �� AND t�L` �� ��� 7HILE THERE ARE MANY CONCEPTUAL ADVANTAGES FOR THE STATISTIC ����	�
THE PRINCIPAL ADVANTAGE WILL BE IF THE 2-3 CAN IMPROVE SUBSTANTIALLY OVER THE !#2� �����	�
IN çNITE SAMPLES� ) TURN TO THAT IN THE NEXT SECTION�

�� &INITE 3AMPLE 0ROPERTIES OF THE 3TATISTICS
) COMPARE THE SIZES OF THE !#2 AND THE SIMPLE NONPARAMETRIC TEST �2-3 	 USING THREE
DIdERENT DISTRIBUTIONS� )N PART �� THE DATA GENERATING MECHANISM IS INDEPENDENT NORMAL
����	 NOISE� 4O REPLICATE THE LEPTOKURTIC DISTRIBUTION FOUND IN MANY çNANCIAL ASSET RETURNS�
) USE� IN PART �� A 3TUDENT
S WITH � DEGREES OF FREEDOM� )N PART �� ) USE A HIGHLY ENTROPIC
DISTRIBUTION� THE UNIFORM ����	�
4HERE ARE JUDGMENTAL INPUTS THAT GO INTO THE TESTS THAT CAN DRAMATICALLY ALTER THE RESULTS

REPORTED BELOW� 7ITH THE !#2� "ROCK� (SIEH� AND ,E"ARON �����	 REPORT THAT THE SIZE OF
THE TEST IS GENERALLY BEST WHEN � IS SET TO ONE SAMPLE STANDARD DEVIATION� &OR THE 2-3 �
) FOUND THAT SETTING � EQUAL TO THE SAMPLE MEAN USUALLY PERFORMED BEST� )N ALL EXERCISES�
) USE SAMPLE SIZES OF M � ��� ��� ��� AND ���� DIMENSIONS OF L � �� �� � AND �� WITH �����
REPLICATIONS�

��� 4HE 3TANDARD .ORMAL $ISTRIBUTION

4HE MOST GLARING FEATURE OF 4ABLE �� WHICH LOOKS AT THE çNITE SAMPLE SIZES OF THE !#2
STATISTIC� IS THE ENORMOUS RATE OF 4YPE ) ERROR� &OR M � ��� THE STATISTIC REJECTS MORE THAN
��� OF THE TIME AT L � �� AND ALMOST ��� OF THE TIME AT L � �� FOR A ��� TEST� /NLY AT
M � ��� DO 4YPE ) ERROR RATES FALL BELOW A ��� RATIO� )N GENERAL THOUGH� SIZE IMPROVES AS WE
LOWER L FOR A GIVEN M� AND AS WE RAISE M FOR A GIVEN L�

�



! CLOSER LOOK ALSO REVEALS THAT THE !#2 REJECTS MORE OFTEN IN THE LEFT TAIL THAN THE RIGHT�
-IZRACH �����	 SHOWS THAT THIS IS DUE TO BIAS IN BOTH THE NUMERATOR AND THE DENOMINATOR
OF �����	� /NCE RECENTERED AT THE STATISTICSÚ NEGATIVE SAMPLE MEAN� THE !#2 IS ALSO SKEWED
TO THE RIGHT� !S A CONSEQUENCE� THE CONVERGENCE TO NORMALITY IS ACTUALLY QUICKER IN THE LEFT
TAIL THAN IN THE RIGHT�
4HE 2-3 REJECTS TOO OFTEN AT DIMENSIONS L � �� ��AND �� 7ITH REFERENCE TO 4ABLE � FOR

L � �� A ��� TEST REJECTS ����� OF THE TIME� #ONVERSELY� AT L � �� THE REJECTION RATE IS
����� "Y M � ��� THE OVERREJECTION AT L � � HAS FALLEN UNDER ���� AND THE UNDERREJECTION
HAS RISEN TO �� AT L � �� !T M � ���� WE ARE WITHIN SAMPLING ERROR OF THE APPROPRIATE
NOMINAL SIZES�
#OMPARED TO THE !#2� THE 2-3 IS FAR MORE RELIABLY SIZED� 5SINGL � �� THE BEST FOR THE

!#2� THE CHART FOR THE 2-3 AT M � �� COMPARES FAVORABLY TO THE !#2 AT M � ���� 3INCE
THE MAJORITY OF ECONOMIC DATA SAMPLES WILL PERTAIN TO THE CHART AT M � ��� THE 2-3 HAS A
MUCH WIDER RANGE OF APPLICABILITY� 7EÚLL SEE WHETHER THIS RESULT CARRIES OVER TO DISTRIBUTIONS
OTHER THAN THE NORMAL�

��� 4HE 3TUDENT
T $ISTRIBUTION WITH � $EGREES OF &REEDOM

4HE !#2 AND THE 2-3 BOTH PERFORM BETTER WITH THE 3TUDENT
S THAN WITH THE NORMAL� 4HE
IMPROVEMENT WITH THE !#2 IS SOMEWHAT LARGER� ! ��� TEST AT L � � REJECTS A LITTLE BIT
MORE THAN ��� OF THE TIME IN 4ABLE � AT M � ��� 4HIS COMPARES TO A ��� REJECTION RATE IN
4ABLE � WITH -��� �� DEVIATES� 4HE CONVERGENCE TO NORMALITY IS EQUALLY RAPID� "ECAUSE THE
!#2 STARTS AT A LOWER RATE OF 4YPE ) ERROR� BY M � ���� THE !#2 IS WITHIN SAMPLING ERROR
OF ITS NOMINAL SIZE�
4HE 2STCDMS`S NARROWS THE MARGIN OF VICTORY� BUT� IN SAMPLING FROM A LEPTOKURTIC DISTRI


BUTION� THE 2-3 IS STILL THE VICTOR NONETHELESS� &OR THE HIGH DIMENSIONS� THE UNDERREJECTIONS
ARE LESS OF A PROBLEM AT L � � AND �� AND THE OVERREJECTIONS ARE REDUCED AT L � � AND ��
BUT ONLY SLIGHTLY� )N ANY CASE� THE 3TUDENT
S POSES NO SPECIAL PROBLEM FOR THE 2-3 �

��� 4HE 5NIFORM ����	 $ISTRIBUTION

7HEN WORKING WITH HIGH DIMENSIONAL STOCHASTIC DATA GENERATING MECHANISMS� ONE OFTEN RUNS
INTO THE SO
CALLED ÝCURSE OF DIMENSIONALITY�Þ )T IS SIMPLY VERY HARD TO LEARN SOMETHING ABOUT
A HIGH DIMENSIONAL POPULATION FROM A SMALL SAMPLE� 4HE PHASE SPACE 7 HERE IS THE UNIT
HYPERCUBE IN 1L� %VEN WITH A LARGE �� THE DATA CAN BECOME QUITE SPARSE� 4HE POPULATION
STANDARD DEVIATION FOR THE UNIFORM IS

Q
���� OR ������� 7ITH THIS CHOICE OF �� A HYPERCUBE OF

THAT LENGTH WILL CONTAIN ONLY �������	L OF THE SAMPLE� &OR L � �� THIS IS ������ #ONVERSELY�
TO çND ������ OF THE SAMPLE� WE WOULD NEED A NEIGHBORHOOD THAT CONTAINS �������	��L OF
THE RANGE� &OR L � �� THIS IS ��� OF THE RANGE�
4HIS PROBLEM IS CLEARLY MORE PRONOUNCED THE MORE ENTROPIC IS THE DISTRIBUTION� 7ITH

THE NORMAL� ) NUMERICALLY INTEGRATED ����	 AND FOUND A VALUE OF ���� FOR "��� ����� (ERE� THE
ÝCURSEÞ WOULD LEAVE US WITH ABOUT �� OF THE SAMPLE AT L � �� 7HILE WE WOULD çND MANY
MORE DATA POINTS WITH A LARGER �� SIZE AND �ESPECIALLY	 POWER CONSIDERATIONS FAVOR A CHOICE OF
� AT ONE STANDARD DEVIATION�

�



4O SEE HOW THE CURSE OF DIMENSIONALITY INâUENCES NONPARAMETRIC TESTS OF INDEPENDENCE�
) LOOK AT THE UNIFORM ����	 DISTRIBUTION IN 4ABLES � AND �� &OR THE !#2� THE UNIFORM
DISTRIBUTION IS THE MOST PROBLEMATIC� &OR M � �� AND L � �� THE !#2 REJECTS ��� OF THE
TIME IN A ��� TEST AND ��� OF THE TIME IN A �� TEST� %VEN AT M � ���� WITH L � �� A ���
TEST STILL REJECTS ��� OF THE TIME� AND AT L � �� IT STILL REJECTS ��� OF THE TIME� 4HE SIZE AT
��� OBSERVATIONS RESEMBLES THE PERFORMANCE AT �� WITH NORMAL VARIATES� 4HE 2-3 PROVES
ITSÚ METTLE WITH THE UNIFORM DISTRIBUTION� 4HERE ARE NO APPRECIABLE DIdERENCES BETWEEN THE
NORMAL IN 4ABLE � AND THE UNIFORM IN 4ABLE �� 4HE OBVIOUS QUESTION IS WHETHER THIS COMES
AT THE COST OF POWER� ) TURN TO THAT IN 3ECTION ��

�� 0OWER OF THE 3IMPLE .ONPARAMETRIC 4EST VS� THE
"$3

4HE POWER COMPARISONS REQUIRE A LEVEL PLAYING çELD� 4HE HIGH RATES OF 4YPE ) ERROR WILL MAKE
THE !#2 SEEM MORE POWERFUL THAN IT ACTUALLY IS� 4HE çRST STEP IN CONDUCTING A COMPARISON
OF THE POWER OF THE 2-3 AND THE !#2 IS TO CONSTRUCT A SET OF çNITE SAMPLE CRITICAL VALUES� )N
PERFORMING THE -ONTE #ARLO EXERCISES IN 4ABLES � AND �� ) ALSO COMPILED A SET OF CRITICAL VALUES
THAT WOULD GIVE THE !#2 AND THE 2-3 THE APPROPRIATE NOMINAL SIZES IN çNITE SAMPLES�
!S CAN BE SEEN IN 4ABLE �� THE NEGATIVE BIAS OF THE !#2 IS VERY MUCH IN EVIDENCE IN SMALL

SAMPLES� ! ��� CONçDENCE REGION� ASYMPTOTICALLY SIZED AT f����� IS INSTEAD THE INTERVAL ;

�����������=� !T THE HIGH DIMENSIONS� THE !#2 PRODUCES WHAT WOULD BE ONCE IN A LIFETIME
REALIZATIONS FROM A TRUE NORMAL DISTRIBUTION�
/NLY AT M � ���� OUR LARGEST SMALL SAMPLE� DOES THE !#2 BEGIN TO RESEMBLE A NORMAL

DISTRIBUTION� ! ��� CONçDENCE REGION HAS SHRUNK TO :`����� ����<� .OTE THAT THE CONVERGENCE
TO NORMALITY AFTER M � �� IS ACTUALLY SLOWER IN THE RIGHT TAIL THAN THE LEFT� -IZRACH �����	
SHOWS THAT THIS IS DUE TO A POSITIVE SKEWNESS ACCOMPANYING THE NEGATIVE BIAS�
4HE CRITICAL VALUES IN 4ABLE � FOR M � �� LOOK SIMILAR TO THOSE OF THE !#2 FOR M � ���� !T

M � ���� THE CRITICAL VALUES FOR THE 2-3 ARE WITHIN SAMPLING ERROR OF THE STANDARD NORMAL�
4HERE IS STILL SOME MARGINAL 4YPE ) ERROR� ESPECIALLY AT L � �� ) WILL USE çNITE SAMPLE
CORRECTIONS FOR BOTH STATISTICS THROUGHOUT THE POWER EXERCISES�

��� 4HE $ATA 'ENERATING -ECHANISMS

4O FACILITATE COMPARISONS WITH THE -ONTE #ARLO ANALYSIS OF "ROCK� (SIEH AND ,E"ARON �����	�
) WILL UTILIZE THE SAME � DATA GENERATING MECHANISMS USED THEREIN� 4HEY ARE ��	 AN !2��	
PROCESS� ��	 AN -!��	 PROCESS� ��	 AN !2#(��	 MODEL� ��	 A '!2#(����	 MODEL� ��	 A
NONLINEAR -!��	 PROCESS� ��	 A THRESHOLD AUTOREGRESSIVE MODEL� AND ��	 THE SO
CALLED ÝTENT
MAP�Þ 4O SIMPLIFY THE DISCUSSION� ) ONLY LOOK AT L � �� WHERE BOTH TESTS ARE MOST POWERFUL�
3OLELY FOR SPACE REASONS� ) WILL TALK ABOUT �� TESTS� ) WILL USE STANDARD NORMAL DISTURBANCE
TERMS THROUGHOUT� THOUGH IT SHOULD BE NOTED FROM 4ABLE �� THAT THIS IS HEAVILY BIASED IN
FAVOR OF THE !#2�

��



����� &IRST /RDER !UTOREGRESSIVE 0ROCESS

4HE DATA GENERATING MECHANISM IS THE !2��	 MODEL�

WS � ���WS`� 
 s
S

� s
S

z -(#��� ��� ����	

!T ALL SAMPLE SIZES IN 4ABLE � THE 2-3 IS MORE POWERFUL THAN THE !#2� 4HIS IS SOMEWHAT
SURPRISING SINCE THE ORDER OF DEPENDENCE HERE IS INçNITE� 4HE !#2 IS NOT GETTING MUCH POWER
FROM DEPENDENCE AT LAGS GREATER THAN O� )N 3ECTION ���� ) çND THAT EVEN WITH SETTING O � ��
THE POWER OF THE 2-3 IS CLOSE TO THAT OF THE !#2� 3CORE AFTER ONE ROUND� � FOR THE 2-3 �
� FOR THE !#2�

����� &IRST /RDER -OVING !VERAGE

4HE DATA GENERATING MECHANISM IS THE -!��	 MODEL�

W
S

� ����s
S`�
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z -(#��� ��� ����	

!GAIN� BY CONçNING THE ALTERNATIVES TO DEPENDENCE AT LAG �� ) GET FAR SUPERIOR POWER TO THE
!#2� 7ITH REFERENCE TO 4ABLE ��� THE ADVANTAGE� IN A �� TEST FOR M � �� IS NEARLY ��� TO
� FOR THE 2-3 � AT M � ���� THE ADVANTAGE IS ABOUT ���� "OTH STATISTICS ARE QUITE POWERFUL
OVERALL� WITH ���� REJECTIONS AT M � ���� ) BREAK THE TIE AT THE �� LEVEL WHERE THE 2-3 HAS
A MODEST ADVANTAGE� 3CORE� 2-3 
 �� !#2 
 ��

����� !N !2#( -ODEL

4HE AUTOREGRESSIVE CONDITIONAL HETEROSCEDASTICITY �!2#(	 MODEL IS A POPULAR PARAMETRIC
MODEL FOR çNANCIAL TIME SERIES BECAUSE IT HAS A FAT
TAILED UNCONDITIONAL DISTRIBUTION� 4HE
PROCESS CAN BE WRITTEN AS�

W
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� :��� 
 ���W�
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z -(#��� ��� ����	

4HIS IS AN INTERESTING TEST BECAUSE THE DATA ARE LINEARLY UNCORRELATED� 7ITH � AT THE SAMPLE
MEAN� THE 2-3 WILL HAVE NO POWER�
4HE OBVIOUS THING TO DO IS TAKE THE SQUARES OF W� AS THESE ARE CORRELATED� )N THIS FORM�

THE 2-3 PROVED TO BE A POWERFUL TEST� ) WAS ABLE TO SURPASS THE !#2 IN THE TWO SMALLER
SAMPLES IN 4ABLE ��� )N THE LARGER SAMPLES� THE !#2 OVERTOOK THE 2-3 �
4HE USE OF THE SQUARED KERNEL REVEALS AGAIN THAT A SMALL AMOUNT OF INFORMATION CAN

DRAMATICALLY BOOST THE POWER OF THE TEST� 7ITH REJECTIONS INCREASING SUBSTANTIALLY AT O � �
AND WITH A SQUARED KERNEL� THIS IS A SUBSTANTIAL STEP TOWARDS IDENTIFYING THE PROCESS� 4HE
!#2� ON THE OTHER HAND LEAVES US NEARLY AS IGNORANT AS WE WERE AT THE START� 4HIS WAS A
SPLIT� LEAVING THE RUNNING SCORE AT 2-3 
��� !#2
��

����� 4HE '!2#( -ODEL

4HE GENERALIZED AUTOREGRESSIVE CONDITIONAL HETEROSCEDASTICITY �'!2#(	 MODEL IS THE !2-!
VERSION OF THE !2#( PROCESS� 4HE SQUARED RESIDUALS CAN NOW DEPEND ON BOTH LAGGED SQUARED
RESIDUALS AND LAGGED CONDITIONAL VARIANCES� )T CAN BE WRITTEN AS�
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4HE RESULTS HERE WERE ROUGHLY SIMILAR TO THE !2#( CASE� 4HE 2-3 WINS EASILY IN THE
SMALL SAMPLE� REJECTING ����� OF THE TIME AT M � ��� 4HE 2-3 IS MARGINALLY NOSED OUT AT
M � ���� "OTH TESTS REJECT NEARLY ���� OF THE TIME FOR M � ���� 2UNNING SCORE� �� FOR THE
2-3 � � FOR THE !#2�

����� ! .ONLINEAR -OVING !VERAGE 0ROCESS

3EVERAL TYPES OF NONLINEAR MOVING AVERAGE PROCESSES HAVE BECOME POPULAR� )N PARTICULAR� THE
SO
CALLED BILINEAR MODEL TRIES TO CAPTURE THE CROSS DEPENDENCE OF TWO MOVING AVERAGE TERMS
AT DIdERENT LAGS� 4HE PROCESS CAN BE WRITTEN AS�
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4HE POWER IS NOT CONCENTRATED AT ONE PARTICULAR LAG� AND THIS PROVED PROBLEMATIC FOR THE
2-3 AND THE !#2� 5SING THE SQUARES OF THE WÚS� THE 2-3 GAINS VICTORIES IN THE TWO SMALL
SAMPLES� LOSES MARGINALLY AT M � ���� AND LOSES FAIRLY SIZABLY AT M � ���� ! SPLIT� LEAVING
THE RUNNING SCORE AT 2-3 
 ��� !#2 
 ��

����� ! 4HRESHOLD !UTOREGRESSIVE -ODEL

!NOTHER POPULAR PARAMETRIC MODEL FOR NONLINEAR TIME SERIES INVOLVES A DATA INDUCED CHANGE
IN REGIME� &OR THESE REASONS� IT IS SOMETIMES CALLED A SELF
EXCITING THRESHOLD AUTOREGRESSIVE
�3%4!2	 MODEL� 7E CAN WRITE IT AS�

W
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� `���WS`� 
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7HILE THIS MODEL IS TECHNICALLY OF çRST ORDER DEPENDENCE� THE ACTUAL ORDER OF DEPENDENCE
CAN BE MUCH LONGER� 4HE DATA MAY LINGER QUITE A WHILE IN A PARTICULAR REGIME� UNTIL A SHOCK
INDUCES IT TO CROSS THE THRESHOLD� .EITHER THE !#2 NOR THE 2-3 DOES A PARTICULARLY GOOD
JOB IN SMALL SAMPLES� REJECTING AT ���� AND ���� RESPECTIVELY FOR M � ��� 3EE 4ABLE ��� 4HE
!#2 WINS NARROW VICTORIES AT M � ��� ��� AND ��� AS WELL� 3CORE� 2-3 
 ��� !#2 
 ���

����� 4HE 4ENT -AP

/NE OF THE PROTOTYPICAL CHAOTIC MAPS OF THE INTERVAL IS THE SO
CALLED TENT MAP� 4HE TENT MAP
IS A REMARKABLY GOOD LINEAR RANDOM NUMBER GENERATOR� ) CAN WRITE THE TENT MAP AS�

WS �

�
�WS`�� HE WS`� � ���

�` �WS`�� HE WS`� � ���

	
� ����	

) SEEDED THE MAP WITH A DRAW FROM A UNIFORM RANDOM NUMBER GENERATOR ON ����	� .OTE THAT
THERE IS A SINGULARITY AT ����
4HE 2-3 DOES NOT HAVE POWER TO DETERMINE WHETHER OR NOT W IS LOCALLY INDEPENDENT AT

THE UNCONDITIONAL MEAN OF � � ���� 4O UNDERSTAND THIS� NOTICE THAT WS WILL BE LESS THAN ���

��



WHEN WS`� LIES ON THE INTERVALS :����� ���< AND :���� ����<� 3INCE THESE INTERVALS ARE OF EQUAL
MEASURE� IT IS EQUALLY LIKELY THAT WS WILL BE LESS THAN ��� WHEN WS`� IS ABOVE OR BELOW THE
POPULATION MEAN�� ) THUS CHOSE TO SET � EQUAL TO THE SAMPLE MEAN PLUS ONE
HALF THE SAMPLE
STANDARD DEVIATION� 4HE !#2 WON VICTORIES AT ALL FOUR SAMPLE SIZES� EVEN AT M � ��� 4HIS
LEFT THE çNAL SCORE AT 2-3 
 ��� !#2 
 ���

��� 0OWER 7HEN THE /RDER OF $EPENDENCE IS -ISSPECIçED

4HE SIZE AND POWER ADVANTAGES OF THE 2-3 CLEARLY ARISE FROM SPECIFYING THE ORDER OF DE

PENDENCE� ) TAKE A BRIEF LOOK IN THIS SECTION AT THE CONSEQUENCES OF CHOOSING SOME O OTHER
THAN THE OPTIMAL� ) çRST LOOKED AT THE !2��	 PROCESS ����	� )N 4ABLE ��� ) SET O � � RATHER
THAN �� 4HE 2-3 STILL CAPTURES THAT THE DATA ARE NOT I�I�D� ��� OF THE TIME IN THE SAMPLE
WITH M � ���� 7ITH THE -!��	 PROCESS ����	� THERE IS NO MEMORY BEYOND LAST PERIOD� (ERE
THE CONSEQUENCES ARE MORE DRAMATIC� 4HE REJECTION FREQUENCIES ARE MUCH LIKE THOSE OF WHITE
NOISE IN 4ABLE ��
4HIS REVEALS BOTH THE STRENGTH AND WEAKNESS OF THE 2-3 � )T IS USEFUL TEST ONLY IF YOU

TAKE A STAND ON THE ORDER OF DEPENDENCE� BUT THIS INFORMATION HELPS GUIDE IN THE DIRECTION
OF BUILDING A MODEL� 4HE !#2 WILL RARELY MISS NONLINEAR DEPENDENCE IN LARGE DATA SAMPLES�
BUT IT IS NOT AS HELPFUL IN IDENTIFYING THE SOURCE OF THE REJECTION�

�� 3UMMARY OF 3IZE AND 0OWER #OMPARISONS
&INITE SAMPLE COMPARISONS GENERALLY FAVOR THE SIMPLE NONPARAMETRIC TEST �2-3 	 OVER THE
STATISTIC OF "ROCK� $ECHERT AND 3CHEINKMAN �!#2� ����	� 4HE 2-3 IS FAR CLOSER TO ITSÚ
NOMINAL SIZE IN SMALL SAMPLES� )N THE CASE OF THE UNIFORM DISTRIBUTION� THE ADVANTAGE IS
BETTER THAN � TO ��
4HE SIZE OF THE !#2 ALSO VARIES WIDELY ACROSS POPULATIONS� &OR THE NORMAL DISTRIBUTION�

AN INTERVAL OF :`������ �����< PROVIDES A ��� CONçDENCE INTERVAL IN A SAMPLE OF ��� -ISTAKENLY
USING THIS INTERVAL ON A UNIFORMLY DISTRIBUTED POPULATION WOULD RESULT IN 4YPE ) ERRORS OF MORE
THAN ����4HE CRITICAL VALUES FOR THE 2-3 � ON THE OTHER HAND� ARE VIRTUALLY INDISTINGUISHABLE
ACROSS POPULATIONS�
(AVING TO TABULATE çNITE SAMPLE CRITICAL VALUES FOR A VERY LARGE SET OF DISTRIBUTIONS IS

CERTAINLY A DRAWBACK FOR THE !#2� BUT WHAT IS FAR MORE DAMAGING IS THAT THE DATA ANALYST
MUST MAKE PARAMETRIC ASSUMPTIONS TO UTILIZE THE TEST� )F ENOUGH POPULATION INFORMATION IS
AVAILABLE TO CHOOSE A PARTICULAR TABLE OF CRITICAL VALUES� AN ENTIRELY DIdERENT �AND PROBABLY
PARAMETRIC	 APPROACH COULD HAVE BEEN UTILIZED AT THE OUTSET�
!LL OF MY POWER EXERCISES CONSERVATIVELY UTILIZED NORMALLY DISTRIBUTED ERRORS� %VEN GRANT


ING THE !#2 THIS HANDICAP� �� OF �� POWER COMPARISONS FAVOR THE 2-3 OVER THE !#2� )N
SAMPLES OF �� OBSERVATIONS OR LESS� THE RATIO IS � TO � IN FAVOR OF THE 2-3 �
4HE SIMPLE NONPARAMETRIC TEST OdERS TWO ADDITIONAL ADVANTAGES� 4HE çRST IS COMPUTA


TIONAL� 4HE 2-3 REQUIRES CALCULATIONS OF ORDER- � AS OPPOSED TO- � FOR THE !#2� /RDINARILY
IN THIS AGE OF CHEAP COMPUTING POWER� THIS ADVANTAGE MIGHT BE HEAVILY DISCOUNTED� 5SING THE

�) THANK $AVID *OHNSON FOR THIS ARGUMENT� *OHNSON AND 2OBERT -C#LELLAND �����	 DEVELOP A PROCEDURE
IN THE SPIRIT OF 3ECTION � FOR TESTING THE INDEPENDENCE OF REGRESSORS AND DISTURBANCES�

��



!#2 IN DATA ANALYSIS THOUGH WILL FREQUENTLY REQUIRE BOOTSTRAP OR -ONTE #ARLO SIMULATIONS�
AND IT IS HERE THAT THE COMPUTATIONAL ADVANTAGE WILL COME INTO PLAY�
4HE SECOND ADVANTAGE RELATES TO INFERENCE� 7HEN THE !#2 REJECTS THE NULL HYPOTHESIS

OF I�I�D�� IT USUALLY DOES NOT LEAD IN THE DIRECTION OF A PARTICULAR ALTERNATIVE� 7ITH THE 2-3 �
THE TESTING PROCEDURE TELLS YOU THAT DEPENDENCE IS PRESENT AT THE OSG LAG OF THE DATA� 4HIS
COULD PROVE TO BE USEFUL KNOWLEDGE IN IDENTIFYING A STATISTICAL MODEL�
4HE 2-3 IS NOT THE TEST STATISTIC FOR ALL SITUATIONS� 4HE !#2ÚS RESISTANCE TO NUISANCE

PARAMETERS MAKES IT THE PREFERRED CHOICE FOR SPECIçCATION TESTS� 4HE !#2 ALSO WORKED
BETTER WITH THE CHAOTIC TENT MAP AND THE REGIME SWITCHING 3%4!2 PROCESS AT ALL SAMPLE
SIZES� 4WO QUESTIONS ARE LEFT FOR FUTURE RESEARCH� 4HE 2-3 MUST NOW BE COMPARED WITH
OTHER TESTS FOR NONLINEAR DEPENDENCE� ! SECOND EXTENSION IS TO SEE WHETHER A RICH CLASS OF
PARAMETRIC NONLINEAR MODELS CAN CAPTURE TYPES OF DEPENDENCE MOST OFTEN FOUND IN ECONOMIC
AND çNANCIAL TIME SERIES�

��
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4ABLE �
-ONTE #ARLO !NALYSIS OF THE "$3 3TATISTIC

.����	 I�I�D� 2ANDOM 6ARIATESc

M � �� ��
���� ��
���� ��
���� ������ ������ ������
L � � ����� ����� ����� ����� ����� �����
L � � ����� ����� ����� ����� ����� �����
L � � ����� ����� ����� ����� ����� �����
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-��� �� ���� ���� ���� ���� ���� ����
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