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1 Introduction

The General Autoregressive Conditional Heteroskedasticity (GARCH) model and its many
variants are popular in modelling volatility in high-frequency financial series. This is ev-
ident from the large number of recent surveys on ARCH and GARCH models and other
ways of modelling volatility; see, for example, Bera and Higgins (1993), Bollerslev, Engle
and Nelson (1994), Diebold and Lopez (1995), Engle (1995), Guégan (1994, ch. 5), Palm
(1996) and Shephard (1996). The statistical properties of the basic GARCH model of
Bollerslev (1986) have been discussed in a number of articles. Bollerslev (1986) derived
conditions for the existence of unconditional moments of the GARCH(1,1) model under
normality. He also derived expressions for these moments as functions of moments of lower
order. Terdsvirta (1996) did the same without the normality assumption. Furthermore
Bollerslev (1988) found the autocorrelation function for the GARCH(1,1) process with
normal errors, and Terésvirta (1996) generalized the result to symmetric non-normal er-
ror distributions. As for higher-order processes, Bollerslev (1986,1988), using Yule-Walker
type equations, indicated the shape of the autocorrelation and partial autocorrelation
functions of the general GARCH(p, q) process. Milh¢j (1985) already derived the au-
tocorrelation function of an ARCH(g) process which is a special case (p = 0) of the
GARCH(p, q) model.

Results on the existence of unconditional moments for GARCH models are not only
of statistical interest. Practitioners may want to use them to see what kind of moment
implications GARCH models they estimate may have. In particular, the existence of the
unconditional fourth moment of stochastic processes generating, say, financial return data
has interested researchers. Given both the existence conditions and a suitable expression

for the fourth moment, the investigator would be able to check what his estimated model



implies about this moment. Obtaining estimates of the kurtosis and the autocorrelations
of the centred and squared observations from the model would also be useful. That would
enable one to see how well the kurtosis and autocorrelation implied by the estimated model
match the estimates obtained directly from the data. Such a comparison would give an
indication of how well the model fits the data, because high kurtosis and slowly decaying
autocorrelations of the centred and squared observations (or errors) are characteristic
features of many financial high-frequency series. Note that the constancy of unconditional
moments is a maintained assumption in this paper; for tests against weak stationarity, see
Loretan and Phillips (1994).

The results of Bollerslev (1986,1988) and Terdsvirta (1996) make model evaluations
of that type possible for the GARCH(1,1) model. This paper generalizes some of those
results to GARCH(p, q) processes. The focus will be on the fourth moments and the
autocorrelation function for the centred and squared observations.

The plan of the paper is as follows. In Section 2 we derive the necessary and sufficient
condition for the existence of the unconditional fourth moment of the GARCH(p, p) process
and give an expression for the moment itself. Section 3 presents the autocorrelation
function for the squared process. In those sections, the GARCH(2,2) model is used as an
illustration. Section 4 shows how these results are modified for the GARCH(p, ¢) model

with p # gq. Section 5 concludes.

2 Condition for existence of the fourth moment

We begin with a necessary and sufficient condition for existence of the unconditional fourth

moment in the GARCH(p, p) model. The model is defined as

ue = eev/he (1)



where {e;} is a sequence of independent identically distributed random variables with zero

mean and a symmetric density. Furthermore,

) po,
he = oot 30 Bihe—it Yo ovug_, (2)

i=1 i=1
see Bollerslev (1986). Assume now that this GARCH model has a finite fourth moment
and let Es{ =v;, j = 2,4. Furthermore, let ap >0, oy >0 and §; >0 for i =1,...,p, in
(2). In particular, a;, > 0 and 8, > 0. Let ¢;;; = §; + a;e?  for i = 1,2,...,p, where
{cit} is a sequence of i.i.d. random variables such that ¢;; is independent of h;. This allows

us to rewrite (2) as

P
hy = ao+ Y- cip—ihe—;. (3)

=1
In this paper we will make heavy use of (3). From the assumption that the second moments
P
of {u;} exist it follows that > v;,; < 1 where v,; = Ecyy = §8; + ayva, ¢ = 1,...,p. From
i=1

(1) we see that in order to consider the unconditional fourth moment of {u;} we have to

square (3), which gives

h? - 05(2) + 20‘0 Z ci,tfihtfi"’_ Z c%,tfihgfi +2 Z cl,t*lch’L,tf’lnht*lht*Tﬂ' (4)
i i

<m

Taking the unconditional expectations on both sides of (4) yields

Ehf = ocg + 209y, Ehy + 72Ehf +2 > Eleri—icmt—mhe—ihi—m) (5)
<m

where Ehy = ao/(1 — 1), V4 :ijl Yjir i =1,2, and v, = Ec3, = (7 + 20, 8;v2 + a2vy for
i=

i =1,...,p. Thus, Eh? can be determined through (5) if we find a convenient expression

for the mixed moments E(c;t—iCp t—mhi—ihi—m). We shall tackle this problem by first

finding a suitable expression for h h;—, and then using it in (5). This will be done in the

next two subsections.



2.1 A useful representation of h h;_,,

First we introduce some notation for the case 1 <n <p. Let e, = (1,...,1,0, ...,0)' be a
p x 1 vector with the first » components equal to 1. Furthermore, cp = (¢1,4—1, ..., cp,t_p)/
is a p x 1 vector with the index set P = {1,...,p}, whereas cp\(n} = (c1,t-1, s Cn—1,t—n+1,
Cnt1 t—n—1s - Cp,t—p)/ isa (p— 1) x 1 subvector of cp obtained by excluding the element

Cn,t—n from cp. Matrix I, is an n X n identity matrix, 0,,x, is an m x n null matrix and

0,, is an m x 1 null vector. We also define (p — 1) x (p — 1) matrices C; =1I,_; and

C(P—i)\{n—j+1} Cpt—i—p+l

Cj = (6)
I, » 0, 2
for j =2,3,...,n. Let Gp_j[cjt1,t—(i+4)+1) be a (p —j) x (p — j) matrix generated by the

“seed” element c; i1 (i4j)4+1. It has the form

C(P—1\{1,...5y  Cpt—i—pt2

(7)

Gp—jlejri—(rnl =
Cit—ijrzlp—j-1 Opj1

where €(p 1)\ (1,5} = (i1, (45— 1) G2, (i49)s s CpLit—(i4p-3)) 88 (p—j—1)x1
vector obtained by excluding the first j elements from cp_1. Let p* = p(p — 1)/2. Using

(7), we define a (p — 1) x p* matrix C,,4; as

Cn+1
Gpoile2tn2: 0, 5 Dol Ogpo3)x2 e
- . . . . ' (8)
. Gp—Q[CB,t—n—B] R GQ[Cp—l,t—n—p—i-l] . Gl[cp,t—n—p
Note that in (8) the number of rows of zero elements in each block of columns grows from

zero to p — 2 while the number of columns decreases from p — 1 to one. Moreover, for

1>n+1,



Gp,1 [C2,t71‘] 0p72 ce 0(p73)><2 0p72
D Gpoalesi—ica] 1 -0 Galepori—iprs] ¢ Galepimiopi
= Ip,QEOP,Q 0(p72)><(p72) 10 00 (9)

0(p—3)x(p-1) : Ip—3:0p_3

0,1 : 0 : 01 00
which is a p* x p* matrix.
When n > p, we have to redefine some of the notation as follows. Let c;,; =

(v, €1,4—15 s Cpt—p) be a (p+ 1) x 1 vector. We define the (p + 1) x (p + 1) matri-

ces C] =1,4; and

10 0 0 0
Qg Cit—j C2t—j5—-1  °° Cp—1t—j—p+2 Cpt—j—p+1
. 0 1 0 - 0 0
C = (10)
0 0 1 -0 0
0 0 0 1 0

for j = 2,...,n. Furthermore, using (7), we define the (p 4 1) x p* matrix C}, , as

1
_ O2v(po1)  ©  Osxpzy % O 1yxo D Opxt an
Gp—l [CQ,t—n—Q] Gp—2 [03,t—n—3} : G2 [Cp—l,t—n—p+1] Gl [Cp,t—n—p]

Finally, C; = C,; for i >n + 1.

Now we are ready to consider hshy_p,, n > 1. We start a recursion by applying (3) to



h¢. This yields an expression which is dependent on h;_; but no longer on h;. Applying

(3) to hy_1 completes the next recursion. After the kth recursion, & > n + 1, we have

Lemma 1. Letn > 1. For k > n+ 1, hyhy_,, can be expressed by combinations of the

terms of hy_;, h%_j and hy_;he_j; such that

k k
hihy—y = S0+ Y, Sii+ S+ > S+ Sk (12)
i=n+1 i=n+1

where, for 1 <n < p,

S =

’ n—1 7 ’ n
<1+CP\{n} Zl <H1 Cj> el) ht—n=+Cp\ (n} (H1 Ci) th;|
1= J= 1=
S = Oéoclp\{n} ( ' Cj> hyy

J:

Jj=1

, n—1 7
Sa = (Cn,t—n + CP\{n} Z (H C]> elcn—i,t—n> hf—n (13)
=1

+C,P\{n} (H Ci) hao;
i=1

-

Soi = C;D\{n}( Cj> hy;;

, k+1
St = Cpymy (Jl:ll Cj) hy
and for n > p,
S0 = ¢l (ﬁ Cf) 10t
S1i = ey (ﬁl C;) hyj
sw = e (f1€r) b (14
Sai = C;ii-l <

. k+1
Sk - cpi'rl C; hkt .



In (13), higr and hogy are (p — 1) x 1 vectors given by

hioe = (Re—(ns1)s o Pe—(n4p—1)) (15)

!

hyy, = (cl,tf(n-‘rl)h?f(n—&-l)’"'7cpfl)t*(""ﬂ’*l)h%*(n-‘rpfl))

whereas in (14), higy, and hi,, are (p+ 1) x 1 vectors given by

!

hi, = (htfna 0, aOhtf(n—‘rl)a e aohtf(n-&-pfl)) (16)
hy, = (0,2 . c h? € h? :
20t y Iy CLt—(n4+1) Y% — (n4-1) ) =+ Cp—1,t—(nt+p—1) Y — (n4p—1)

Finally, hy; , ho;y and hy, are p* x 1 vectors given by

’

hye = (heiyeos Be—(i4p—2),0,...,0)
hoi = (cLe—ih} 4o ta(irp-2hi(14p_2: 05 0) (17)
hy = (hekhe—(etrys 5 Pekhe—(kp—1)> P (1) Pe—(k42)»

o e (e 1) = (lp=1)s s Pe— (etp—2) Pt — (lp—1) )

Proof. See Appendix 1.

Continuing the recursion it follows from Lemma 1 that hihy_p, 1 < n < p, is charac-
terized by matrices Cy, Cq, ..., C,, C,41 and, finally, Cy for £ > n+ 1. Sjg and Sy
are initial terms that are only functions of Cy, Cs, ..., C,. Sy;,52; and S} also depend
on Cy when k£ > n + 1. Moreover, hyhi_,,, n > p, is characterized by matrices C7, C3, ...,
C;,, C; . and Cj, for £ > n + 1. These results are what we need for handling the mixed

moments in (5).

2.2 The mixed moment E(c; ;¢ t—mhi—ihi_m)

Let 1 <1 < m < p and consider E(c¢;;—ict—mht—1hi—rm), | < m. Substituting ¢ — [ for ¢ and

m — [ for n in Lemma 1, we obtain a recursion formula for h;_jhi—p,. Let Ecp = vp =



(V115 -+ Yp1)"s Eep\ gty = YP\{m—1} = (V115 Vi1 Y415 "'77])1)’7 EC, =T for
E=1,2,...,m—1l+1and EC, =T for k > m — [+ 1. Thus, I'y,k = 1,2,....m — [, are
matrices of order (p — 1) x (p — 1) and, in particular, I'y = I,_;. Furthermore, I';,_;41
is of order (p — 1) x p*, and T is a p* x p* matrix. The elements of those matrices are

functions of v,; = Eci, i = 1,..., p. In addition, let
A(T) = max{[Aq]} (18)

be the maximum absolute eigenvalue of the matrix I' where \;, ¢ = 1,...,p", are the
eigenvalues of matrix I

Applying Lemma 1 we have that

E(Cl,t—lct—mht—lht—m)

k
= E(Cl,t—lcm,t—mslo) + E(Cl,t—lcm,t—m320)+ Z E(Cl,t—lcm,t—msli)
i=m—I+1

k

+ Z E(Cl,tflc7n,t77n82i) + E(Cl,tflcnz,tf'msk‘)' (19)
1=m—I+1

Assume that the process started at some finite value infinitely many periods ago. It turns
out that the limit of (19) exists and is independent of ¢ as k — oo if and only if all the
eigenvalues of T lie inside the unit circle, that is, A(T')<<1. We show this and derive the
mixed moment E(c; ¢ ici mhi_1he m) as a function of Eh; and ER? by proving the next

three lemmata.
Lemma 2. For1 <l <m<p,

kli)n;o E(cr,e—1€m,t—mSk) =0 (20)
if and only if A(T) < 1.

Proof. See Appendix 2.



Lemma 3. For1 <l <m<p,

m—I+1

E (Cl,t—lcm,t—m Z Sli) = a071177n17lP\{m—l} ( H FZ) (Ip* - I‘)il ep—lEht
i=1

1=m—I+1
(21)

if and only if A\(I') < 1, where ep_q = (1,---,1,0,---,0)" is a p* x 1 vector with the first

p — 1 elements equal to 1.

Proof. See Appendix 3 .
o0
Evaluating E ( ¢;¢—1¢pm—m Y, So2; | is not an easy task because hg; is not sto-
i=m—Il+1
chastically independent of the matrix product C;_(,_2) - -- C;. However, for each nonzero

element of hg;, ¢; (1) and hff(i +j) are stochastically independent. For 7 < p — 2 and

i >m — 1+ 2p — 1, this allows us to consider
‘)’(Z - j, Z) = E(Ci_jci,(jﬂ) ce CiCQit) (22)

where c2it = (C1,t—(i41)» -+ Cp—1,t—(i+1+p—2), 0 ...,O)' is a p* x 1 vector whose first p — 1
elements are nonzero. We see that y(i — j,¢) is a p* x 1 column vector which is determined
by the matrix product C; ;- -- C; and whose elements consist of ,;; = E(c;cji) for i < j.

Furthermore, for j =1 < i < p, define
e(m —=1),i =1 = 1,i) = E(€p\ -1y Ci-41) - Cicar) (23)
where c(x) is shorthand for cp\ ,}. Using (22) and (23), we have

Lemma 4. For1 <l <m <p,

E<Cl,t—lc7n,t—m > S2i>

i=m—Il+1
p—1 ) 9 , m—Il+1
= TuVm 21 (c(m—1),2,m —1+i—1)Eh; T Y1 Vm1 Y P\ {m—1} ( 1:[1 Fi)
X (L —T) " y(m —1+p+1,m—1+2p—1)Eh? (24)

if and only if A(T') < 1.

10



Proof. See Appendix 4.

It now follows from these three lemmata that if the condition A (') < 1 holds the mixed

moment E(c; ¢—j¢i—mhi_ihi—m) converges to a finite value which is a linear function of Eh;

and Eh? as k — oco. Combining these results and using (19) yields

Theorem 1. Assume that A (I') < 1. Under this condition,

E(Ctt—1Cm,t—mhi—thi—m) = QoY1 Vim1 M1 (1, m)Ehy + 5y Ma (L, m)ER? (25)

where, for m —1>1,

, m—Il—1 7 m—l . B
M, (l,m) = 1+7P\{mfl} [ z:l (Hl I‘J> e+ 4H1 T, (.]p,I + T 141 (Ip* —I‘) 1 epl)]
1= 1= =

(26)
and, in particular,
]V[l(m — Lm) =1+ ")’IP\{l} |:jp—1 + FQ (Ip* —F)il €p_1
where jp_1 = (1,1,...,1)" is a (p — 1) x 1 vector. Furthermore,
4
My(l,m) = Moy (I, m) + Yy 2 Mai (1, m) (27)
i=2
such that for m —1>1
_ , m—I[—1 i3 _
M21(l7 m) = Ym—i,m + 7P\{7n71} z:l Hl Fj €1Ym—1—i,m (28)
= j=
m—Il—1 ) P _
Ma(l,m) = 3 yaMa(m—1l—i+ 3 7 i, (29)
i=1 Jj=m—Il+1
P
and, for m —1 =1, My (m — 1,m) =7y, and Maz(m —1,m) =3 5, 4 ;. In addition,
=2
in (27), for any I < m,

m—Il+p—1
Mas (I,m) = vy(c(m—1),2,1—1)
i=m—Il+1

(30)

, m—I+1

Mas (L,m)  =Yp\ fm—iy 'H1 L
]:

>(Ip* —I) 'y (m—l4+p+1,m—14+2p—1). (31)

11



Proof. See Appendix 5.

2.3 A necessary and sufficient condition for existence of the fourth moment

Theorem 1 allows us to express the expectation (5) as a function of Eh; and EhZ. We can

write

ER? = 2 + 2aq (w S 1o My (Lm)) Eh, + <72+2 S 0 My (l,m)) ER2. (32)

<m <m

From (32) and the assumption A(T') < 1 we have

Theorem 2. A necessary and sufficient condition for the existence of the fourth uncon-

ditional moment of {u;} in the GARCH(p,p) model (1) with (2) is

Yo +2 3 v M (I,m) < 1. (33)
<m

The fourth moment is

04(2)’/4[1 +71+2 > YV Mi (1, m)]

B == Y =72 =2 3 yuMz(l,m)] o

<m

2.4 Special case: GARCH(2,2)

To illustrate the above general theory we consider the GARCH(2,2) process. We have

Corollary 1. For the GARCH (2,2) model,
E (c1,0-162,0-2he—1he—2) = aov11721 M (1,2) Ehy + 711 Mo(1, 2)ER; (35)

where M1(1,2) = (1 — y9,)71 and Mz (1,2) = 715(1 — 74;) 7t if and only if 74, < 1.
Proof. See Appendix 6.
Corollary 2. For the GARCH (2,2) model a necessary and sufficient condition for the

existence of the unconditional fourth moment of {u.} is that

(V12 T 722) (1 = va1) + 2711 ¥12 + 721 < L. (36)

12



When (36) holds,

E(ul) = agva [(1+ 711 +791) (1= Y1) + 2711721 . (37)
(=711 = 720) [(1 = 7v21) (1 = 712 = Y22) — 2711712

If 3, = a2 =0, we have the GARCH(1,1) model, and (36) is simply
— 32 2
Y12 = B1 + 2610102 + ajrg < 1. (38)

This is the existence condition in Terésvirta (1996). Setting vo = 1 and v4 = 3 in (38)

yields the condition which Bollerslev (1986) obtained for normal errors.

3 The autocorrelation function for the squared process

Milhgj (1985) proved that the squared process {u?} has an autocorrelation function similar
to that of a standard autoregressive process of order p when {u,} follows an ARCH(p)

process with normal errors. He also defined the first p autocorrelations of {u?} as

p=(L-¥) (39)

!

where p = (,017 e pp) 0= (0, ...,ocp)’ and the p X p matrix ¥ = (1/}1-]-) is defined by
¥;; = iyj + a;j making use of the fact that oy, = 0 for k£ <0 and k > p. For n > p,

p

P =2 CiPr—iv (40)

Bollerslev (1986,1988) applied this approach to the GARCH(p, p) case and obtained the
analogue of the Yule-Walker equations for the autocorrelation function of {u?}. He was

able to show that for any n > p, the autocorrelations have the form

Pn :z; (/61 + ai) Pr—i- (41)

However, he did not yet provide the first p autocorrelations py, ..., p,. We shall do that

here.

13



To fix notation, write the nth order autocorrelation of {u?} as

P p(uQ U2 ): E(u%ugfn) - (Eu%)Z
n =) = TR B

(42)
for n > 1. In order to obtain p,,, we must find an expression for E(u?u%ﬁn) as a function
of Eu} and Eu?. This can be done by applying results in Section 2.

3.1 The mixed moment E(u?u?_,)

It is obvious that combining (1) and Lemma 1 will give us the mixed moment E(u?u? ),
n > 1. Consider first the case 1 < n < p. Let 7;; =E(¢?c;;) for i = 1,..., p. Setting M; (n) =

M1(0,n) and M (n) = M»(0,n), it follows directly from Theorem 1 that

E (ufui_,,) = awrsMy (n) Ehy + vo My (n) ER. (43)
Asin (27), let
4
M2 (n) = M21 (n) + vy Z M2i (n) (44)
=2

such that for n =2, ..., p,

, n—1 [
Mo (n) = Fp1 +Yp\(u [21 <H1 Fj) eﬁn—m] (45)
i= i=
n71 . p ~
Mz (n) = 3 yaMaa(n—i)+ > Fj_n;- (46)
i=1 J=ng1

P
Furthermore, for n = 1, My (1) = 7;; and Maz (1) =3 ¥; ; ;. In addition, for n =

j=2
1,...,p,
n+p—1 )
Mag(n) = > ~(c(n),2,i—1) (47)
1=n—+1
and
, n+1 1
Mas (n) =7 p\(ny 'H1 Lj|@L—T) |vy(n+p+1ln+2p—-1). (48)
j=

Next, let n > p. Under this assumption it can be shown that (43) still holds if we define

the coefficients of Eh; and Eh? as functions of n in a proper way. In order to do that,

14



first note an analogy to the situation in Section 2. Thus, while ¢;;_(n1; and hf_(n +i)

are stochastically independent, the product C* (pfl)C;‘F(pﬂ) --- Cr is not stochastically
independent of h3,. This is because there is an element such as ¢; ;—, which is a function
of 2, for some n on the second row of each matrix, say, G, ;;i=01..,p—1 Asin
Section 2, define the (p+1) x 1 vector c5y, = (O, L el i (n41)s -+ cp,l)t,(nﬂ,,l))/. We now

have to consider the expectation E <5f_nC;_(p_1)C;_(p_2) e C;‘lc§0t> , n > p, which is

given in the following lemma.

Lemma 5 . Forn > p,

E (gg—ncz—(p—l)c;kz—(p—Q) T 02030t>

= (0,May(p)+vaMas(p), Moy (p—1)+voMaa(p—1),- - -, Moy (1) +v2Mas (1)) . (49)

Proof. See Appendix 7.

Lemma 5 implies that for n > p, E (sg,nc;(pfl)(};f(pfz) e C;h§0t> does not de-
pend on n.

Let Ec’, ) =v,11 = (0,711, ...,wpl)/ be a (p+ 1) x1 vector, EC; =T, fori = 2,...,n,
EC;,, =T, and EC; =T for i > n + 1. We observe that here EC; (i =2,...,n + 1)

are quite different from EC; (j =2,...,m — [+ 1) defined in Section 2. However, when

i>n+1landj>m—1+1, EC; = EC; =T Thus the condition A(I") < 1 is required

for expressing E(u?u? ) as a function of Eu} and Eu?.
Moreover, results of Lemma 5 make it possible to prove that Mz(n) can be expressed

as a function of My(1), ..., Ma(p) for n > p+ 1. We have

Lemma 6 . Define the mired moment E (u%uffn) as in (43) and let n > p. Then, for

n>p+1,

My(n) =~ T2 P my (50)

15



where mg = (0, Ma(p), ..., M2(1)) is a (p+1) x 1 vector and My (i), i =1, ...,p, are given

by (44)-(48)-

Proof. See Appendix 8.

It now follows from Lemma 1 that

k
E (u?ufﬁn) = E (E?E?fnslo)—f—E (E?E?inSm))-i- . ZH E (E%E%ﬁnsh‘)
1=T
k
+ > E (efef_nSgi) +E (5?5?_n5k) . (51)
1=n-+1

Assume again that the process started infinitely far in the past at some finite value. Then,
given the previous results, the limit of (51) as k — oo exists and is independent of ¢ if and
only if all the eigenvalues of T' lie inside the unit circle. This is obvious because it was
seen that Euj < oo requires A(T') < 1. As k — oo, the last three terms on the right-hand
side of (51) can be evaluated by Lemmata 2 to 4. As for the first two terms, when n <p
we may apply Theorem 1, otherwise we apply Lemmata 5 and 6. The next theorem gives
the moments.

Theorem 3. The mized moment E(uu?_,) has the form
E (ufui_,) = aovs My (n) Ehy + vo My (n) ERF (52)
where for n > 1,

My (n) = ¥p T2 [eag + Ty (L —T) Mo (53)

’

with eq, = (oegl,O, 1,..,1) isa (p+1) x 1 vector. My (n) in (52) is defined by (44)-(48)
for n < p; otherwise My(n) is given by (50).

Proof. See Appendix 9.
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3.2 The autocorrelation function for the squared process

Next we derive the autocorrelation function of {u?} and begin by introducing some no-
tation. Let v, (I,m) = (1 — A)My (I,m) and v, (I,m) = (1 — A)M; (I, m), where

1— A = |I,-—T| is the determinant of (I,«—T'). Furthermore, let

¥s, = (I+7)A1—-A)+2 ZZ Y1 Vi1 Y, (I, m) (54)
<m

Vs, = (1=7)1—-A)-2 ZZ Y1V (I, m). (55)
<m

A straightforward calculation shows that condition (33) is equivalent to
0<yg <L (56)

Applying Theorem 2 and Theorem 3 to equation (42) gives

Theorem 4. Assume that condition (56) holds. For the GARCH (p,p) model (1) with

(3), the autocorrelation function for {u2} is, for any n > 1,

. vays, (1 —v,) My (n) — v3ys, [1 — (1 — ;) M (n))] (57)
" vays, (1 —71) — v3vs,

where My (n) and My (n) are defined in Theorem 3 and M, (I,m) and M (I,m) as in
Theorem 1.
Properties of the autocorrelation function {p,}, n = 1,2,---, can be established

through (57). Some of them are listed below:

1. The first p autocorrelations are positive if the parameter restrictions ag > 0, a; > 0

and 8, >0,i=1,---,p, hold.

2
2. The autocorrelation function satisfies the difference equation p,, => v;10,_; at
i=1

lags n > p, and p,, > 0.
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3. The autocorrelation function is dominated by an exponential decay and lim p,, = 0.

n—00

4. When ~g, is sufficiently close to zero the autocorrelation function is persistent;

otherwise the autocorrelations decay quickly with increasing n.

3.3 Special case: GARCH(2,2)

To illustrate the general result we again consider the GARCH(2,2) process. In the

GARCH(2,2) model,

Yi = Yt Y2 t=1,2
s, = (L+71) (1 —721) + 2711721
Vs, = (1 =72) (1 —721) — 2711712

By Theorem 4 we have
Corollary 3. Assume that condition (36) holds. For the GARCH (2,2) process, the au-

tocorrelations of {u?} equal

vavs, (1 —71) Ma (n) — vivg, [1 — (1 =) My (n)]

= , n>1. 58
VaYs, (1=m1)— V%’Ysz (58)
In (58), forn >1
agl
My(n) =~ | o (59)
(1 —91)
and for n >3
0
My (n) =572 | Mgy (2) (60)
My (1)
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with Y3 = ag vy, v ) T =1 ap ~y 7y |- whereas
0 1 0
1 _ ~
My (1) = 1= F11 (1= 721) + v2712] s (61)
Y21
1 _ _ ~
Mz (2) = . (V11711 +¥21) (1 = Ya1) + v2vii712) - (62)

Proof. See Appendix 10.
From Corollary 3 it follows that the first two autocorrelations are

vavs, [F1 (1 —7a1) + va¥ia) (1 — 1) — V371178,
(1—="91) [V4’Ysl (=) — V%Vsz}

1=

and

_V27s, (V11711 +721) A —=a1) + 2111 V12l (L —v) — 1375, (Vi1 +721 —31)
(1=721) [Vﬂsl (1=7) - V%’Ysz]

P2 : (64)

For higher orders, p,, is determined by the powers of matrix T, as well as M(1) and
M>(2) through equation (58). In other words, for n > 3, p,, depends on the first two
autocorrelations, which is also clear from the corresponding Yule-Walker equations.

The corresponding results for GARCH(1,1) model are obtained by setting v5; = 19

=75, = 01in (58). The autocorrelation function thus has the form

V2 (1 - 7?1) M; (n) — V% (1= 712) [1 = (1 —7y1) My (n)]

Pr = ,n> 1. (65)
va(1=911) —v3(1—712)
1 0
M (n) and Ms (n) can be determined as follows. We have I', = . Thus,
Qo Y11

forn >1,

o= (o) (7))

1—71
= —=, 66
=71 ( )
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Furthermore, for n > 3,

s 0 0
My (n) = (ao ’yn)r* :<a0 711>

Y1111 Vi
= ¥ (67)

with My (1) = 7, and My (2) = v,,7,;. In fact, My (n) = 4% 17, for n > 1. Inserting
(66) and (67) into (65) yields

V2’Y?1_1Wn (1 - 7%1) — 2711 (1 = 712)]
va(l—~3) —v5(1—712)
arwy i (1= 1 — afyva)
1— 67 — 20182

Pn =

(68)

see Terdsvirta (1996). Setting vo = 1 and v4 = 3 in (68) yields the corresponding result

for normal errors given in Bollerslev (1988).

3.4 The ARCH(p) process

As a further illustration, we reproduce the autocorrelation function of {u?} in an ARCH(p)
model and compare our result with that of Milh¢j (1985); see (39) and (40). In an
ARCH(p) model, 8; =04 = 1,...,p. The autocorrelations thus have the form
P ) P
v2Ys, (1 —vs Y ozi> M (n) — v3vg, [1 - (1 —vs Y ozi> My (n)}
i=1 ‘

=1
L 2
vavg, (1 —rv2 21 a; | —viyg,
1=

P = (69)

for n > 1. Further simplification of (69) gives

Corollary 4. For the ARCH (p) model, the autocorrelation function of {u?} has the

form
pn:1—<1—uzéai)M1(n),n>1 (70)

where
My (n) = 7,1 T5 7 [eag + Ty (L —T) ey (71)
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Proof. See Appendix 11.

If the errors are assumed normal, then (70) gives the corresponding result which is the
one Milh¢j (1985) obtained. As an example, for the ARCH(2) model it follows from (70),
or (39) and (40), that p; = oy (1—a2) L, py = as+a2(1—ag) L and p,, = a1p,,_1+a2p, o
for n > 2. Alternatively, a general expression for p,,, n > 2, is obtained from Corollary 4.

Milhej (1985) also found a necessary and sufficient condition for the existence of the

unconditional fourth moment of the ARCH(p) process under normality. It has the form
30 (I,-®) 'a <1 (72)

where a = (ay, ..., ocp)' and the p X p matrix ¥ = (wij) is defined by 9;; = a;yj + aij
with ap, = 0 for £ < 0 and k > p. Of course, (33) under normality and (72) are equivalent,
although this may not be easy to see immediately. As an illustration, we demonstrate this
equivalence in the ARCH(2) case. Setting v, = a;,v;y = 302, 4 = 1,2, and 7;; = 3ara

in (36) yields

302 + 302 +3a%ay — 303 + g < 1. (73)
a9 0
On the other hand, setting o = (a3,a2)" and ¥ = in (72) also yields (73).
(e5] 0

4 The GARCH(p, q) model

The results in Theorems 1 to 4 apply directly to the GARCH(p, ¢) model with p # q.
This is because we may, without any loss of generality, nest that model in a model with
p = q by assuming certain parameters in a GARCH(p, p) or a GARCH(q, q) model equal
to zero.

Theorem 5.

1. Let p > q in the GARCH (p,q) model. Then the necessary and sufficient condition
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for the existence of the fourth moment Eu} and the autocorrelation function for {u?} are
given in Theorems 2 and 4 for the GARCH (p,p) model. In that case, v;1,%V2, Vi1 and 7, ;

simplify to

Vi1 fO’f‘ ZZlJaq Yi2 fOT‘ Z:177q
Yil= y Vi2 =

B, for i=q+1,...,p ﬂf for i=q+1,....p
_ 71'1 fOT' 7’:17"'5(1 -
Vir = »Yiig =\ Bjva for i1 <qg<y

B;va for i=q+1,....p
B:6; for g<i<j.

2. Let p < q in the GARCH (p,q) model. Then the necessary and sufficient condition
for the existence of the fourth moment Eu} and the autocorrelation function p,, for {u?}
are given in Theorems 2 and 4 for the GARCH(q,q) model. In that case, Y1,V Vi1

and 75,; simplify to

Yi1 Zf Z:177p Yi2 Zf Z:177P

Yi1 = » Yi2 =
Vs if p+1,...,q vy if p+1,...,q
Yij if i<j<p

_ 71'1 Zf i: 1,...,p -
Vi1t = » Yig = % if i<p<y
QilV4 Zf p+177q
Q0 ’Lf p<z<j§q

Examples of the use of this theorem can be found in He and Terisvirta (1997).

5 Conclusions

We have obtained a complete characterization of the fourth moment structure of a gen-
eral GARCH(p, q) process. With our results, an investigator can see what an estimated
GARCH model implies about the second and the fourth moments, kurtosis, and the au-

tocorrelation function of the centred and squared observations. Such considerations have
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previously been possible in the GARCH(1,1) case. These results can be extended to other
GARCH processes which are generalizations of the original GARCH(p, q) process. For
example, some GARCH processes allowing for asymmetric effects to shocks belong to this
category. Those generalizations are a topic of further work.

We have not considered moments of higher than fourth order. Deriving those using the
present techniques would no doubt be tedious. On the other hand, as underlined above,

the fourth moments are probably more interesting in practice than any higher order ones.
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Appendices
Appendix 1. Proof of Lemma 1.

Let 1 <n < p. Applying (3) to h; in hihip yields
hihi—n = aghi—pn + Cn,t—nh%_n + Clp\{n}hltht—n7 (A1)

where hyy = (h¢—1,- -, Be—nt1, Bt—n—1," - -, he—p)’. Applying (3) to hy—1 on the right-hand
side of (A.1) and continuing the iteration until the appearance of the matrix C,,;1 defined

by (8) gives
9 n—1 7
hthtfn = O‘Ohtfn + Cn,tfnht_n + OZ()C/P\{”} Z H Cj e hi_n
i=1 \j=1

n—1 7
+Cp\ (n} Zl <H1 Cj> e1Cn—it—nhi_,
1= J:

+ao€p 1y [1 Cihior + €py gy [T Cihooe
i=1 i=1

n+1
+C/P\{n} Hl Cihn—i-l,ta (AQ)

=

where Cy,...,C,,,, are given by (6)-(8) and h,, ;1 has the form

hn+1,t - (htfnflhtfnf%' o ahtfnflhtfnfpa

ht7n72ht7n73a' o 7ht7nf2ht7n7p7 ) htfnfp-‘rlhtfnfp)/- (A3)

In particular, C,41 is a (p — 1) X p* matrix corresponding to the p*-component column
vector given in (A.3). When ¢ > n+ 1, applying (3) to h,—; in vector h;; on the left-hand
side of (A.4) yields

h;; =aohy i1 +hojr1+ Cipihirgy (A4)

where h;, h; 14, hy ;114 and hy ;11 ; are defined in (17). Further recursions of (A.1) by
applying (A.4) lead to equation (12).

Similarly, it can be shown that (12) and (14) hold when n > p.
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Appendix 2. Proof of Lemma 2.
Substituting ¢t — [ for ¢t and m — [ for n in Lemma 1 we obtain a recursion formula for
hi—_iht_m, I < m. This technique will also be used in Appendices 3-5. Let £ > p—+m — L.

From (13),

E (Cl,tflc7n,t77nsk)
= 'Yll'}/mlE(c/P\{m—l}Cl' ’ 'Cmfl-l-l)E(Cmfl-&-Q' ’ 'Ckfp-&-l)E(Ckfp-l-? ’ 'Ckhkt)~ (A'5)
First, when k£ > p+m —1, the product Cp_p42 - - - Cihyy is not a function of £, so that

the same is true for its mean. Second, for ¢, 5 > m—141,1 # j, we have EC;C; = EC,EC;.

Thus, for any k > p+m — [,

E(Crm—iy - Chopyr) = TF=@Hm=0, (A.6)
Furthermore,
Jim rk-rtm=0) — g (A7)

if and only if A (T') < 1. (A.5) and (A.7) together imply that
E (Cl,tflc7n,t77nsk) — 0

as k — oo, if and only if A(T") < 1. A

Appendix 3. Proof of Lemma 3.

By (13),
k
E(c—icmi—m >, Su
i=m—I+1

k

= YnYm1 Z E(Sll)
i=m—Il+1

. k

= a0 Y1 Y\ {m-13E(C1- - Crni41) - ZZHE(Cmez“'Ci) E (huit)
k .

= a0V Ym1Yp\{m—3 L1 Tt ( Zz+1 Fl(mHD) ep—1Eh;. (A.8)
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Note that

k .
. ZZ-H I”_(m—l-&—l) - (Ip* _F)il

as k — oo, if and only if A (T") < 1. Thus (21) is valid. -
Appendix 4. Proof of Lemma 4.

Suppose that & > m — [ + p. By (13),

k
E<Cl,t—lcm,t—m > SQi)

i=m—I+1
m—Il+p—1 k
= Y¥m1 2 E(S20)+vuven X E(S2)
1=m—Il+1 i=m—Il+p
m—Il+p—1 , m—Il+1
= T11Vm1 Z E (521) +7117’m17P\{'m7l} H Fj
i=m—I+1 Jj=1
k
X [ Z E (Cm_l+2 s Ci_p+1)E(Ci_p+2 s Cihgit) . (Ag)
i=m—Il+p

Arguing as in Appendix 2, E(C;_,42 - - - C;hy;) does not depend on i for ¢ > m —1+

2p — 2. Setting i = m — Il + p in (22) gives
E(Cricigpt1 - Commit2p—1C2m—itpt) =Y (m—1l+p+1,m—-1+2p—1).
Then, for any i > m — [+ 2p — 2,
E(Cipya--Cicoy) =vy(m—Il+p+1,m—-1+2p—1). (A.10)

On the other hand, by (A.6),

k

k )
> E ((jmiH_pJrl o Ci—(p+1)) = ¥ i (m=i+p)
i=m—Il+p i=m—Il+p

which implies

k .
lim > Tim0m=te) —(, 1)t (A.11)

k—o00;

i=m—Il+p

s

if and only if A(T') < 1. Under this condition and applying (A.10), (A.11) and (23) to

(A.9) we see that equation (24) holds.
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Appendix 5. Proof of Theorem 1.

We shall show that (25)-(31) hold. From (13) we obtain that

E (Cl,tflc7n,t77n510)

m—Il—1

7 m—l
1+ ’YIP\{WL*I} 221 (Hl FJ> e+ .Hl Fijp1] Eht (A12)
1= J= 1=

= @0Y11Vm1

provided C,,_; is not an identity matrix. Following Lemma 3 and equation (A.12) we
may define the coefficients of Eh; for the sum of E (¢;¢+—;¢pm,t—mS10) and

E (cht_lcm,t_m > S1i> as follows. When m — 1 > 1,
i=m—I+1

m—Il—1 7 m—l
My (l,m) = 1+7;3\{m7l} [ Z (Hl I‘]> e+ 4H1 T; (jp_l + F7n—l+1 (Ip* —I‘)—l ep_l)]
Jj= i=

i=1
(A.13)
and when m — [ =1, (A.13) simplifies to
My (m = 1,m) = 1+ (1 [jp,l +Ty(L--T) ‘e, ; (A.14)
since I'y = I,,_;. Equation (26) is thus valid.
To evaluate E (¢;¢—1¢pm,t—mS20) , consider first
E (Cl,tflCm,tfmcmfl,tfmh?—m) = 7!1%7n7l,7nEhl%‘ (A.15)
Second, when m — 1 > 1,
m—Il—1 i 9
E Cl,t—lcm,t—mclp\{m_[} Z H C] elcm—l—i,t—mht_m
i=1  \j=1
m—l 7
= [Vll7}’\{m—l} 2:2 (HQ F]) el’Ym—l—i,m‘| Eh? (A16)
= J:

Combining (A.15) and (A.16) and observing (25) yields (28). Finally, if m — =1, then

P
E (Cl,t—lCm,t—mclp\{l}h20t> =Y1Vm1 (Z% 7]'—1,j> Eh?- (A-17)
j=
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Form —1=2,

E (Cl,tflc'm,tf'mc/P\{Q}CICQh20t>
P P )
= YYmi (V11 22 Vi—1iT 2o V-2 | ERL (A.18)
=2 i=3
p
Let My (1) = Maa(m — 1,m) =3 7; ; ;. We may then write the coefficients of Eh? in
=2
equation (A.18) as
p
M (2) = Maz (m — 2,m) =11 Ma2 (1) + 3 V525 (A.19)
=3
Continuing the recursion for m — 1 =3, ...,p — 1 proves (29).

Next, (30) and (31) follow from Lemma 4. Letting k& — oo in (19) gives

4
E (ci,e—1Cmyt—mhe—1he—m) = 0¥ Yo M1 (L, m)Ehg+,q | Mar (L, m) + v,y S Mai(l,m)| ERZ
=

(A.20)
which, given definition (27), equals (25). This completes the proof. -

Appendix 6. Proof of Corollary 1.

In the GARCH(2,2) model, I" =7,,. Thus (35) holds if and only if 5, < 1. Note that

m—1=1and I's = 74;. By (26),

My (1,2) = 1+ 75 |1+79 (1= 751) | = (1 —yy) 7"

Furthermore, by (28)-(31),

M1 (1,2) = M2(1,2) =7,
My3(1,2) = ~(c(1),2) = E(co1—3C2,1—aC1,t—4) = V21712
May(1, 2) = 721F1F2(Il_r)71ﬁ7v12 = 751712(1 - 721)_1-

Finally, from (27),
M>(1,2) = F15(1 = v1) . n
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Appendix 7. Proof of Lemma 5.

Define the (p + 1) x 1 vector
h(n)= (07 E (sffnhz (n)) ,--,E (sffnhp_s_l (n))) .
First, we show that for n > p,
E (g_nc;_(p_l)c;_(p_m . c;;c;m) =h(n) (A.21)

where, for i =2,...,p+1,

p+1
hi(n) = 222 ¢ij (n) Cj—2,t—(n+j—2)- (A.22)
j=
In (A.22), co4n = 1, and ¢;; (n) are determined recursively with respect to integers

m=n—(p—1),n— (p—2),...,n, such that

P (Mm—1) Cj1,t—(m—j+2) T Pij11 (m—1) for j=2,...,p
Bij (m) = ’ (A.23)

Bio (M —1) Cp i (mip-1) forj=p+1
with the initial values ¢;; (n — (p —1)) = ¢;; for any i and j, where c;; is the (i,j)th

1 *
element of matrix Cnf(pfl).

Let II C;, = ®,,, where C7, are given by (10). Since each C}, has the same
m=n—(p-1)

first row (1,0, ...,0), we can define

1 0 . 0
o, — Pa1 (1) Pag (1) T ¢2,p+1 (n) (A.24)
¢p+1,1 (n) ¢p+1,2 (n) - ¢p+1,p+1 (n)
and rewrite (A.24) as
®, =9, ,C). (A.25)

31



Equalities between the elements of the matrices on both sides of (A.25) appear in (A.23).
We see that E(s7_, ®,,c3,) can be expressed in terms of h; (n) defined by (A.22) and
(A.23).

Next, let n =p + 1. Then by (A.21),
E (<2 (p+1)C3C5 -+ Cpiain ) =h(p+ 1) (A.26)

where ¢35, = (0,1, ¢1,¢— (p42), -+ Cp1,t—2p)". For any n > p + 1, it follows from (A.21)

with (A.22) and (A.23) that
E (220 Cio o) Cimumy -+ CiGior ) =B (p+1). (A.27)

Finally, without loss of generality, we merely show that (49) is true for p = 2. From

(A.26),
0 0
2 * 1k _ — ~ —
E [ ei—sC2C3 1 = | Y1 (un +v2712) + 721 (A.28)
Cl,t—4 Y11+ V2712

where ¥;; = E(eZc1y), 7oy = E(e7c2) and 715 = E(c1zca:). On the other hand, by equations

(45) and (46),
M21 (1) + 1/2]\/[22 (1) = 711 + V22?12, (A29)
Moy (2) +vaM22 (2) = Fop +711 (11 +v2712) -

Appendix 8. Proof of Lemma 6.
First, for any n > p, we show that the coefficient of Eh? in (43) is a function of n. By

(14)7

io: E (c7<7_,.52:)

i=n+1
n+p—1

= V% ‘72_"_1 vy (Cp+17 2,1) Eh?

R0 (TRE N N (L—T)"" v (n+ p,n+ 2p— 2) ER? (A.30)
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Set n = p+ 1. Then (A.30) simplifies to

= 2 2 ,
i:%;i-Q E <5t 5t_(p+1)521>

p—1
= V3Ypnll X Dy (B +ip+140) EAf
=

5 T Ty (e —T) ™'y (2p 4 1,3p — 1) ER;. (A.31)
For any n > p, v(2p+ 1,3p — 1) in (A.31) remains unchanged. Thus

Z E (6?6?,71521)
1=n-+1
1 p—1
= Uy TP S Dy 3, p + 14 0) ER?
i=1
2_/ n—1y* —1 2
+v3Ypia L i1 Ipe=T) "y (2p+1,3p — 1) Eh;

= V3Mas(n) + viMay(n), n > p. (A.32)
Furthermore, by (14) and Lemma 5 we can write, for any n > p,

E(€§_n5’20) = (7;)+1F:<L_(p+l) m; ) Eh?

= (Ma1(n) + voMos(n))ER] (A.33)

where m; = (0, Moy (p) + vaMoa(p), - -, Ma1(1) + vaMaa(1))’. It follows from (A.32) and
4
(A.33) that Ma(n) = Mai(n) +va Y. Ma;(n) holds for any n > p.
i=2

It remains to show that (50) holds for any n > p. Without loss of generality, we prove

that it holds for p = 2. For proof, see Appendix 10. -

Appendix 9. Proof of Theorem 3.

Note that only the second column of ®,, = [] C: depends on variables £Z_ .
i=n—(p—1)
Thus,
E (cfe7_,cy1Cr -+ Crhiy,) = (aov3y, 1 Th e, ) Ehy (A.34)
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and

> E (€262, S1) = (aoygﬂy; I (L —T) ! ep,l) Eh,. (A.35)
="

From (A.34) and (A.35) we see that (53) holds. -

Appendix 10. Proof of Corollary 3.

Here we only illustrate how to calculate M; (n) and M; (n) for the GARCH(2,2) model.

Write
1 0 0
L=E(C)=| a Y11 712
0 1 0

for i = 2,...,n, where C} are defined by (10). By (53),

agt 0
My(n) = ~500 " 0 |+— 0
3 1—vg
1 Y21
aal
= ! 0 (A.36)
(1- 721)71
forn=1,2,---. By (45)-(48),
Mo (1) = 74
Mz (1) = 7o
Moz (1) = ~v(c(1),2) =E(c2u—3¢2,t-4C1,6-4) = V21712
My (1) = r;~=2~ 1—ryy) ¢
24 (1) Y21 27 Y12 = Y21 712( Yo1)
— 721
Thus, from (44),
= (- -
M (1) = Y11 (L —7y21) + Vahiz (A.37)
1—rvg
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From (A.36) it follows that M; (1) = (1 — 7,;) L. Similarly,

M1 (2) = Y11V + 72

M2 (2) = 7172

M3 (2) = ~v(c(2),2,3) =E(c1i—102,0-3C2,1—4C1,0—4) = V11721712
M2 (2) = ’Y11r2r31_71721712 = 7117517 12(1 = 720)

Thus, by (44),

o V(1 ~
My (2) = (Y'Y + 721)1(_ 7:121) + V211712 (A.38)

and, from (A.36),
My (2) = (1+711 = Y20) (1 = 721) "
For any n > 3, by Lemma 5,
0
Myy (n) + voMaz (n) = 5T 2 | My, (2) + vaMas (2)

Moy (1) + vaMag (1)
and by (A.32),

My (n) = ¥IPty@) =P E|l o | (cres)
C2t—5
/
= véffl(o, 0, %)

/ ~

_ Y12

Moy (n) = ~5I% 1(0 0 > ( :
3 ) y Vo1 1— 721

Therefore, for n > 3, applying (A.32) and (A.33) yields

0 0
My(n) = T2 || My (2) +vaMos (2) [F22T3 | 0
Moy (1) + vaMas (1) T
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0

= A48 Vuﬁu(1—7v>1);r:’q2§'llv>]+%l(1—%1) . (A.39)
T (A—p)4ved,
1=y
Finally, by (A.37) and (A.38),
/
M (n) —'Vél“f?’( 0, My(2), M;(1) ) , n >3 (A.40)

Appendix 11. Proof of Corollary 4.
By Theorem 4, the autocorrelation function for the squared process has the form

P P
VaYs, <1 —vy 0@') My (n) — v3ys, {1 - <1 —vy 0@') M,y (n)]

=1 i=1

P = 5
Vas, (1 —v2 ) ocz-) —V3yg,

=1

(A1)

for n > 1. Showing that Corollary 4 is true is equivalent to demonstrating that

My (n) = (va/v) <1 _ (1 s i ai) My (n)>
holds. Then we can show the validity of (70) by (A.41).
Without loss of generality, we only investigate the case p = 2. It follows from Corollary
3 that
M (i) = (va/v2) (1 — (1 — vaoyq — vaag) M (i)) (A.42)
for ¢ = 1,2. We have to prove that (A.42) holds for any n > 3. From (59) and (60) we see

that this is equivalent to showing that

( g Vv V20x9 > I‘fa* =1 (A43)

for any k, where o, = (ag ' (1 — vaa; — vaaz),1,1). That (A.43) holds follows from the

fact that
0 ozal (1 — vy — vo)
(va/va) | My(2) | +T% 0 =
My (1) (1 = vaaq — vpap) (1 — voag) ™!
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Note that T*a,, = a, for any k and ( o vaay vsas )@ = 1. This completes the

proof. -
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