
Irxuwk Prphqw Vwuxfwxuh ri wkh JDUFK+s> t, Surfhvv

Fkdqjol Kh dqg Wlpr Whuçvyluwd

Ghsduwphqw ri Hfrqrplf Vwdwlvwlfv

Vwrfnkrop Vfkrro ri Hfrqrplfv

Er{ 9834/ V0446 ;6 Vwrfnkrop/ Vzhghq

Iluvw gudiw= Mdqxdu| 4<<:

Wklv yhuvlrq= Iheuxdu| 4<<:

Zrunlqj Sdshu Vhulhv lq Hfrqrplfv dqg Ilqdqfh Qr 49;

Devwudfw1 Lq wklv sdshu/ d qhfhvvdu| dqg vx!flhqw frqglwlrq iru wkh h{lvwhqfh ri wkh

xqfrqglwlrqdo irxuwk prphqw ri wkh JDUFK+s> t, surfhvv lv jlyhq dv zhoo dv dq h{0

suhvvlrq iru wkh prphqw lwvhoi1 Ixuwkhupruh/ wkh dxwrfruuhodwlrq ixqfwlrq ri wkh fhqwuhg

dqg vtxduhg revhuydwlrqv ri wklv surfhvv lv ghulyhg1 Wkh vwdwlvwlfdo wkhru| lv ixuwkhu looxv0

wudwhg e| d ihz vshfldo fdvhv vxfk dv wkh JDUFK+5/5, surfhvv dqg wkh DUFK+t, surfhvv1

Nh| Zrugv1 Dxwruhjuhvvlyh frqglwlrqdo khwhurvnhgdvwlflw|/ frqglwlrqdo yduldqfh/ idw0

wdlohg huuru glvwulexwlrq/ wlph vhulhv/ yrodwlolw|

MHO Fodvvl�fdwlrq Frgh= F55

Dfnqrzohgjhphqwv1 Ilqdqfldo vxssruw iurp wkh Edqn ri Vzhghq Whufhqwhqdu| Irxq0

gdwlrq dqg wkh Vzhglvk Frxqflo iru Uhvhdufk lq wkh Kxpdqlwlhv dqg Vrfldo Vflhqfhv lv

judwhixoo| dfnqrzohgjhg1
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4 Lqwurgxfwlrq

Wkh Jhqhudo Dxwruhjuhvvlyh Frqglwlrqdo Khwhurvnhgdvwlflw| +JDUFK, prgho dqg lwv pdq|

yduldqwv duh srsxodu lq prghoolqj yrodwlolw| lq kljk0iuhtxhqf| �qdqfldo vhulhv1 Wklv lv hy0

lghqw iurp wkh odujh qxpehu ri uhfhqw vxuyh|v rq DUFK dqg JDUFK prghov dqg rwkhu

zd|v ri prghoolqj yrodwlolw|> vhh/ iru h{dpsoh/ Ehud dqg Kljjlqv +4<<6,/ Eroohuvohy/ Hqjoh

dqg Qhovrq +4<<7,/ Glherog dqg Orsh} +4<<8,/ Hqjoh +4<<8,/ Jxìjdq +4<<7/ fk1 8,/ Sdop

+4<<9, dqg Vkhskdug +4<<9,1 Wkh vwdwlvwlfdo surshuwlhv ri wkh edvlf JDUFK prgho ri

Eroohuvohy +4<;9, kdyh ehhq glvfxvvhg lq d qxpehu ri duwlfohv1 Eroohuvohy +4<;9, ghulyhg

frqglwlrqv iru wkh h{lvwhqfh ri xqfrqglwlrqdo prphqwv ri wkh JDUFK+4/4, prgho xqghu

qrupdolw|1 Kh dovr ghulyhg h{suhvvlrqv iru wkhvh prphqwv dv ixqfwlrqv ri prphqwv ri orzhu

rughu1 Whuçvyluwd +4<<9, glg wkh vdph zlwkrxw wkh qrupdolw| dvvxpswlrq1 Ixuwkhupruh

Eroohuvohy +4<;;, irxqg wkh dxwrfruuhodwlrq ixqfwlrq iru wkh JDUFK+4/4, surfhvv zlwk

qrupdo huuruv/ dqg Whuçvyluwd +4<<9, jhqhudol}hg wkh uhvxow wr v|pphwulf qrq0qrupdo hu0

uru glvwulexwlrqv1 Dv iru kljkhu0rughu surfhvvhv/ Eroohuvohy +4<;9/4<;;,/ xvlqj \xoh0Zdonhu

w|sh htxdwlrqv/ lqglfdwhg wkh vkdsh ri wkh dxwrfruuhodwlrq dqg sduwldo dxwrfruuhodwlrq

ixqfwlrqv ri wkh jhqhudo JDUFK+s> t, surfhvv1 Plok!m +4<;8, douhdg| ghulyhg wkh dx0

wrfruuhodwlrq ixqfwlrq ri dq DUFK+t, surfhvv zklfk lv d vshfldo fdvh +s @ 3, ri wkh

JDUFK+s> t, prgho1

Uhvxowv rq wkh h{lvwhqfh ri xqfrqglwlrqdo prphqwv iru JDUFK prghov duh qrw rqo|

ri vwdwlvwlfdo lqwhuhvw1 Sudfwlwlrqhuv pd| zdqw wr xvh wkhp wr vhh zkdw nlqg ri prphqw

lpsolfdwlrqv JDUFK prghov wkh| hvwlpdwh pd| kdyh1 Lq sduwlfxodu/ wkh h{lvwhqfh ri wkh

xqfrqglwlrqdo irxuwk prphqw ri vwrfkdvwlf surfhvvhv jhqhudwlqj/ vd|/ �qdqfldo uhwxuq gdwd

kdv lqwhuhvwhg uhvhdufkhuv1 Jlyhq erwk wkh h{lvwhqfh frqglwlrqv dqg d vxlwdeoh h{suhvvlrq

iru wkh irxuwk prphqw/ wkh lqyhvwljdwru zrxog eh deoh wr fkhfn zkdw klv hvwlpdwhg prgho
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lpsolhv derxw wklv prphqw1 Rewdlqlqj hvwlpdwhv ri wkh nxuwrvlv dqg wkh dxwrfruuhodwlrqv

ri wkh fhqwuhg dqg vtxduhg revhuydwlrqv iurp wkh prgho zrxog dovr eh xvhixo1 Wkdw zrxog

hqdeoh rqh wr vhh krz zhoo wkh nxuwrvlv dqg dxwrfruuhodwlrq lpsolhg e| wkh hvwlpdwhg prgho

pdwfk wkh hvwlpdwhv rewdlqhg gluhfwo| iurp wkh gdwd1 Vxfk d frpsdulvrq zrxog jlyh dq

lqglfdwlrq ri krz zhoo wkh prgho �wv wkh gdwd/ ehfdxvh kljk nxuwrvlv dqg vorzo| ghfd|lqj

dxwrfruuhodwlrqv ri wkh fhqwuhg dqg vtxduhg revhuydwlrqv +ru huuruv, duh fkdudfwhulvwlf

ihdwxuhv ri pdq| �qdqfldo kljk0iuhtxhqf| vhulhv1 Qrwh wkdw wkh frqvwdqf| ri xqfrqglwlrqdo

prphqwv lv d pdlqwdlqhg dvvxpswlrq lq wklv sdshu> iru whvwv djdlqvw zhdn vwdwlrqdulw|/ vhh

Oruhwdq dqg Skloolsv +4<<7,1

Wkh uhvxowv ri Eroohuvohy +4<;9/4<;;, dqg Whuçvyluwd +4<<9, pdnh prgho hydoxdwlrqv

ri wkdw w|sh srvvleoh iru wkh JDUFK+4/4, prgho1 Wklv sdshu jhqhudol}hv vrph ri wkrvh

uhvxowv wr JDUFK+s> t, surfhvvhv1 Wkh irfxv zloo eh rq wkh irxuwk prphqwv dqg wkh

dxwrfruuhodwlrq ixqfwlrq iru wkh fhqwuhg dqg vtxduhg revhuydwlrqv1

Wkh sodq ri wkh sdshu lv dv iroorzv1 Lq Vhfwlrq 5 zh ghulyh wkh qhfhvvdu| dqg vx!flhqw

frqglwlrq iru wkh h{lvwhqfh ri wkh xqfrqglwlrqdo irxuwk prphqw ri wkh JDUFK+s> s, surfhvv

dqg jlyh dq h{suhvvlrq iru wkh prphqw lwvhoi1 Vhfwlrq 6 suhvhqwv wkh dxwrfruuhodwlrq

ixqfwlrq iru wkh vtxduhg surfhvv1 Lq wkrvh vhfwlrqv/ wkh JDUFK+5/5, prgho lv xvhg dv dq

looxvwudwlrq1 Vhfwlrq 7 vkrzv krz wkhvh uhvxowv duh prgl�hg iru wkh JDUFK+s> t, prgho

zlwk s 9@ t= Vhfwlrq 8 frqfoxghv1

5 Frqglwlrq iru h{lvwhqfh ri wkh irxuwk prphqw

Zh ehjlq zlwk d qhfhvvdu| dqg vx!flhqw frqglwlrq iru h{lvwhqfh ri wkh xqfrqglwlrqdo irxuwk

prphqw lq wkh JDUFK+s> s, prgho1 Wkh prgho lv gh�qhg dv

xw @ %w
s
kw +4,
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zkhuh i%wj lv d vhtxhqfh ri lqghshqghqw lghqwlfdoo| glvwulexwhg udqgrp yduldeohv zlwk }hur

phdq dqg d v|pphwulf ghqvlw|1 Ixuwkhupruh/

kw @ �
3
.

sS
l@4

�
l

k
w�l

.
sS

l@4

�
l

x5
w�l

+5,

vhh Eroohuvohy +4<;9,1 Dvvxph qrz wkdw wklv JDUFK prgho kdv d �qlwh irxuwk prphqw

dqg ohw H%m
w

@ �
m

> m @ 5> 7= Ixuwkhupruh/ ohw �
3
A 3> �

l

� 3 dqg �
l

� 3 iru l @ 4> ===> s> lq

+5,1 Lq sduwlfxodu/ �
s

A 3 dqg �
s

A 3= Ohw f
l>w�l

@ �
l

. �
l

%5
w�l

iru l @ 4> 5> ===> s> zkhuh

if
lw

j lv d vhtxhqfh ri l1l1g1 udqgrp yduldeohv vxfk wkdw f
lw

lv lqghshqghqw ri k
w

= Wklv doorzv

xv wr uhzulwh +5, dv

k
w

@ �
3
.

sS
l@4

f
l>w�l

k
w�l

= +6,

Lq wklv sdshu zh zloo pdnh khdy| xvh ri +6,1 Iurp wkh dvvxpswlrq wkdw wkh vhfrqg prphqwv

ri ix
w

j h{lvw lw iroorzv wkdw
sS

l@4

�
l4
? 4 zkhuh �

l4
@ (f

lw

@ �
l

. �
l

�
5
/ l @ 4> ===> s= Iurp

+4, zh vhh wkdw lq rughu wr frqvlghu wkh xqfrqglwlrqdo irxuwk prphqw ri ix
w

j zh kdyh wr

vtxduh +6,/ zklfk jlyhv

k5
w

@ �5
3
. 5�

3

S
l

f
l>w�l

k
w�l

.
S
l

f5
l>w�l

k5
w�l

. 5
S
o?p

f
o>w�o

f
p>w�p

k
w�o

k
w�p

= +7,

Wdnlqj wkh xqfrqglwlrqdo h{shfwdwlrqv rq erwk vlghv ri +7, |lhogv

(k5
w

@ �5
3
. 5�

3
�
4
(k

w

. �
5
(k5

w

. 5
S
o?p

(+f
o>w�o

f
p>w�p

k
w�o

k
w�p

, +8,

zkhuh Hk
w

@ �
3
@+4� �

4
,/ �

l

@
sS

m@4

�
ml

> l @ 4> 5> dqg �
l5
@ (f5

lw

@ �5
l

. 5�
l

�
l

�
5
. �5

l

�
7
iru

l @ 4> ===> s1 Wkxv/ Hk5
w

fdq eh ghwhuplqhg wkurxjk +8, li zh �qg d frqyhqlhqw h{suhvvlrq

iru wkh pl{hg prphqwv (+f
o>w�o

f
p>w�p

k
w�o

k
w�p

,= Zh vkdoo wdfnoh wklv sureohp e| �uvw

�qglqj d vxlwdeoh h{suhvvlrq iru k
w

k
w�q

dqg wkhq xvlqj lw lq +8,1 Wklv zloo eh grqh lq wkh

qh{w wzr vxevhfwlrqv1
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514 D xvhixo uhsuhvhqwdwlrq ri kwkw�q

Iluvw zh lqwurgxfh vrph qrwdwlrq iru wkh fdvh 4 � q � s1 Ohw h
u

@ +4> ===> 4> 3> ===> 3,
3

eh d

s� 4 yhfwru zlwk wkh �uvw u frpsrqhqwv htxdo wr 41 Ixuwkhupruh/ f
S

@ +f4>w�4> ===> fs>w�s,
3

lv d s�4 yhfwru zlwk wkh lqgh{ vhw S @ i4> ===> sj> zkhuhdv f
Sqiqj

@ +f4>w�4> ===> fq�4>w�q.4>

f
q.4>w�q�4> ===> fs>w�s

,
3

lv d +s� 4,� 4 vxeyhfwru ri f
S

rewdlqhg e| h{foxglqj wkh hohphqw

f
q>w�q

iurp f
S

= Pdwul{ L
q

lv dq q� q lghqwlw| pdwul{/ 3
p�q

lv dq p� q qxoo pdwul{ dqg

3
p

lv dq p� 4 qxoo yhfwru1 Zh dovr gh�qh +s� 4,� +s� 4, pdwulfhv F4 @ L
s�4 dqg

F
m

@

3EEC f
3

+S�4,qiq�m.4j
f
s>w�m�s.4

L
s�5 3

s�5

4FFD +9,

iru m @ 5> 6> ===> q= Ohw J
s�m

^f
m.4>w�+l.m,.4` eh d +s� m,� +s� m, pdwul{ jhqhudwhg e| wkh

�vhhg� hohphqw f
m.4>w�+l.m,.4= Lw kdv wkh irup

J
s�m

^f
m.4>w�+l.m,.4` @

3EEC f
3

+S�4,qi4>===>mj
f
s>w�l�s.5

f
m>w�l�m.5Ls�m�4 3

s�m�4

4FFD +:,

zkhuh f+S�4,qi4>===>mj @ +f
m.4>w�+l.m�4,> fm.5>w�+l.m,> ===> fs�4>w�+l.s�6,,

3

lv d +s� m � 4,� 4

yhfwru rewdlqhg e| h{foxglqj wkh �uvw m hohphqwv iurp f
S�4= Ohw s� @ s+s� 4,@5= Xvlqj

+:,/ zh gh�qh d +s� 4,� s� pdwul{ F
q.4 dv

F
q.4

@

3EECJs�4̂ f5>w�q�5`
111 3

3

s�5

111 � � � 111 3+s�6,�5
111 3

s�5

111 J
s�5̂ f6>w�q�6`

111 � � � 111 J5^fs�4>w�q�s.4`
111 J4^fs>w�q�s

`

4FFD = +;,

Qrwh wkdw lq +;, wkh qxpehu ri urzv ri }hur hohphqwv lq hdfk eorfn ri froxpqv jurzv iurp

}hur wr s � 5 zkloh wkh qxpehu ri froxpqv ghfuhdvhv iurp s � 4 wr rqh1 Pruhryhu/ iru

l A q. 4/
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F
l

@

3EEEEEEEEEEEEEEEEEEEEEEC

J
s�4^f5>w�l

`
111 3

3

s�5

111 � � � 111 3+s�6,�5
111 3

s�5

111 J
s�5^f6>w�l�4`

111 � � � 111 J5^fs�4>w�l�s.6`
111 J4^fs>w�l�s.4`

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

L
s�5

1113
s�5

111 3+s�5,�+s�5,
111 � � � 111 3 3 3

3+s�6,�+s�4,
111 L

s�6

1113
s�6

111
111
111

111
111

111
111
111

111
1 1 1

111 3
111
111

3
3

s�4

111 3
3

s�5

111
111 4 3 3

4FFFFFFFFFFFFFFFFFFFFFFD

+<,

zklfk lv d s� � s� pdwul{1

Zkhq q A s> zh kdyh wr uhgh�qh vrph ri wkh qrwdwlrq dv iroorzv1 Ohw f�
s.4

@

+�3> f4>w�4> ===> fs>w�s

,3 eh d +s . 4, � 4 yhfwru1 Zh gh�qh wkh +s . 4, � +s . 4, pdwul0

fhv F�

4
@ L

s.4 dqg

F�

m

@

3EEEEEEEEEEEEEEEEEEC

4 3 3 � � � 3 3

�3 f4>w�m

f5>w�m�4 � � � f
s�4>w�m�s.5 f

s>w�m�s.4

3 4 3 � � � 3 3

3 3 4 � � � 3 3

111
111

111
1 1 1

111
111

3 3 3 � � � 4 3

4FFFFFFFFFFFFFFFFFFD

+43,

iru m @ 5> ===> q= Ixuwkhupruh/ xvlqj +:,/ zh gh�qh wkh +s. 4,� s� pdwul{ F�

q.4
dv

F�

q.4

@

3EEC 35�+s�4,
111 36�+s�5,

111� � �111 3+s�4,�5
111 3

s�4

J
s�4 ^f5>w�q�5`

111J
s�5 ^f6>w�q�6`

111� � �111J5 ^fs�4>w�q�s.4`
111 J4 ^fs>w�q�s

`

4FFD = +44,

Ilqdoo|/ F�

l

@ F
l

iru l A q. 41

Qrz zh duh uhdg| wr frqvlghu k
w

k
w�q

> q � 4= Zh vwduw d uhfxuvlrq e| dsso|lqj +6, wr
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kw= Wklv |lhogv dq h{suhvvlrq zklfk lv ghshqghqw rq kw�4 exw qr orqjhu rq kw= Dsso|lqj

+6, wr kw�4 frpsohwhv wkh qh{w uhfxuvlrq1 Diwhu wkh nwk uhfxuvlrq/ n � q. 4> zh kdyh

Ohppd 41 Ohw q � 4= Iru n � q . 4> kwkw�q fdq eh h{suhvvhg e| frpelqdwlrqv ri wkh

whupv ri k
w�l

> k5
w�m

dqg k
w�l

k
w�m

vxfk wkdw

k
w
k
w�q

@ V43.
nS

l@q.4

V4l . V53.
nS

l@q.4

V5l . V
n

+45,

zkhuh/ iru 4 � q � s>

V43 @ �3

%#
4.f

3

Sqiqj

q�4S
l@4

#
lT

m@4

F
m

$
h4

$
k
w�q

.f
3

Sqiqj

�
qT

l@4

F
l

�
k43w

&

V4l @ �3f
3

Sqiqj
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F
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$
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#
f
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. f
3

Sqiqj
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F
m

$
h4fq�l>w�q

$
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w�q
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3

Sqiqj
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F
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F
m

$
k5lw

V
n

@ f
3

Sqiqj

#
n.4T
m@4

F
m

$
k
nw
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Lq +46,/ k43w dqg k53w duh +s� 4,� 4 yhfwruv jlyhq e|

k43w @ +kw�+q.4,> ===> kw�+q.s�4,,
3

+48,

k53w @ +f4>w�+q.4,k
5
w�+q.4,> ===> fs�4>w�+q.s�4,k

5
w�+q.s�4,,

3

zkhuhdv lq +47,/ k�43w dqg k
�

53w duh +s. 4,� 4 yhfwruv jlyhq e|

k�43w @
�
k
w�q
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+49,

k�53w @
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> f4>w�+q.4,k
5
w�+q.4,> ===> fs�4>w�+q.s�4,k

5
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> ===> k
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> ===> f
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k
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k
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k
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� � � > k
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3=

Surri1 Vhh Dsshqgl{ 41

Frqwlqxlqj wkh uhfxuvlrq lw iroorzv iurp Ohppd 4 wkdw k
w

k
w�q

> 4 � q � s> lv fkdudf0

whul}hg e| pdwulfhv F4/ F5/ 111/ Fq

/ F
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n

dovr ghshqg
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515 Wkh pl{hg prphqw H+f
o>w�o

f
p>w�p

k
w�o

k
w�p

,

Ohw 4 � o ? p � s dqg frqvlghu (+f
o>w�o

f
w�p

k
w�o

k
w�p

,> o ? p= Vxevwlwxwlqj w� o iru w dqg

p � o iru q lq Ohppd 4/ zh rewdlq d uhfxuvlrq irupxod iru k
w�o

k
w�p

= Ohw (f
S

@ �
S

@

;



+�
44

> ===> �
s4
,3> (f

Sqip�oj
@ �

Sqip�oj
@ +�

44

> ===> �
p�o�4

> �
p�o.4

> ===> �
s4
,
3

/ (F
n
@ �

n
iru

n @ 4> 5> ===>p � o . 4 dqg (F
n
@ � iru n A p � o . 4= Wkxv/ �

n
> n @ 4> 5> ===>p� o> duh

pdwulfhv ri rughu +s � 4, � +s � 4, dqg/ lq sduwlfxodu/ �
4
@ L

s�4
= Ixuwkhupruh/ �

p�o.4

lv ri rughu +s � 4, � s�> dqg � lv d s� � s� pdwul{1 Wkh hohphqwv ri wkrvh pdwulfhv duh

ixqfwlrqv ri �
l4
@ (f

lw
> l @ 4> ===> s= Lq dgglwlrq/ ohw

�+�, @pd{im�
l
mj +4;,

eh wkh pd{lpxp devroxwh hljhqydoxh ri wkh pdwul{ � zkhuh �
l
> l @ 4> ===> s�> duh wkh

hljhqydoxhv ri pdwul{ �=

Dsso|lqj Ohppd 4 zh kdyh wkdw

(+f
o>w�o

f
w�p

k
w�o

k
w�p

,

@ (+f
o>w�o

f
p>w�p

V
43
, . (+f

o>w�o
f
p>w�p

V
53
,.

nS
l@p�o.4

(+f
o>w�o

f
p>w�p

V
4l
,

.
nS

l@p�o.4

(+f
o>w�o

f
p>w�p

V
5l
, . (+f

o>w�o
f
p>w�p

V
n
,= +4<,

Dvvxph wkdw wkh surfhvv vwduwhg dw vrph �qlwh ydoxh lq�qlwho| pdq| shulrgv djr1 Lw wxuqv

rxw wkdw wkh olplw ri +4<, h{lvwv dqg lv lqghshqghqw ri w dv n $ 4 li dqg rqo| li doo wkh

hljhqydoxhv ri � olh lqvlgh wkh xqlw flufoh/ wkdw lv/ �+�,?4= Zh vkrz wklv dqg ghulyh wkh

pl{hg prphqw (+f
o>w�o

f
w�p

k
w�o

k
w�p

, dv d ixqfwlrq ri (k
w
dqg (k5

w
e| surylqj wkh qh{w

wkuhh ohppdwd1

Ohppd 51 Iru 4 � o ? p � s/

olp
n$4

(+f
o>w�o

f
p>w�p

V
n
, @ 3 +53,

li dqg rqo| li �+�, ? 4=

Surri1 Vhh Dsshqgl{ 5 1

<



Ohppd 61 Iru 4 � o ? p � s>

(

#
f
o>w�o

f
p>w�p

4S
l@p�o.4

V4l

$
@ �3�

o4
�
p4
�

3

Sqip�oj

�
p�o.4T
l@4

�
l

�
+L

s

� � �,�4 h
s�4(kw

+54,

li dqg rqo| li � +�, ? 4/ zkhuh h
s�4 @ +4> � � � > 4> 3> � � � > 3,3 lv d s� � 4 yhfwru zlwk wkh �uvw

s� 4 hohphqwv htxdo wr 41

Surri1 Vhh Dsshqgl{ 6 1

Hydoxdwlqj (

#
f
o>w�o

f
p>w�p

4S
l@p�o.4

V5l

$
lv qrw dq hdv| wdvn ehfdxvh k5lw lv qrw vwr0

fkdvwlfdoo| lqghshqghqw ri wkh pdwul{ surgxfw F
l�+s�5, � � �Fl

= Krzhyhu/ iru hdfk qrq}hur

hohphqw ri k5lw> fm>w�+l.m, dqg k5
w�+l.m,

duh vwrfkdvwlfdoo| lqghshqghqw1 Iru m � s� 5 dqg

l A p� o . 5s� 4/ wklv doorzv xv wr frqvlghu

�+l� m> l, @ (+F
l�m

F
l�+m.4, � � �Fl

f5lw, +55,

zkhuh f5lw @ +f4>w�+l.o,> ===> fs�4>w�+l.o.s�5,> 3> ===> 3,
3

lv d s� � 4 yhfwru zkrvh �uvw s � 4

hohphqwv duh qrq}hur1 Zh vhh wkdw �+l�m> l, lv d s��4 froxpq yhfwru zklfk lv ghwhuplqhg

e| wkh pdwul{ surgxfw F
l�m

� � �F
l

dqg zkrvh hohphqwv frqvlvw ri h�
lm

@ (+f
lw

f
mw

, iru l ? m=

Ixuwkhupruh/ iru m @ o ? l � s> gh�qh

�+f+p� o,> l� o � 4> l, @ (+f
3

Sqip�oj

F
l�+o.4, � � �Fl

f5lw, +56,

zkhuh f+{, lv vkruwkdqg iru f
Sqi{j

= Xvlqj +55, dqg +56,/ zh kdyh

Ohppd 71 Iru 4 � o ? p � s>

(

#
f
o>w�o

f
p>w�p

4S
l@p�o.4

V5l

$

@ �
o4
�
p4

s�4S
l@4

�+f+p� o,> 5>p� o . l� 4,(k5
w

. �
o4
�
p4
�

3

Sqip�oj

�
p�o.4T
l@4

�
l

�
� +L

s

� � �,�4 �+p� o . s. 4>p� o . 5s� 4,(k5
w

+57,

li dqg rqo| li � +�, ? 4=

43



Surri1 Vhh Dsshqgl{ 71

Lw qrz iroorzv iurp wkhvh wkuhh ohppdwd wkdw li wkh frqglwlrq � +�, ? 4 krogv wkh pl{hg

prphqw (+f
o>w�o

f
w�p

k
w�o

k
w�p

, frqyhujhv wr d �qlwh ydoxh zklfk lv d olqhdu ixqfwlrq ri Hk
w

dqg Hk5
w
dv n$4= Frpelqlqj wkhvh uhvxowv dqg xvlqj +4<, |lhogv

Wkhruhp 41 Dvvxph wkdw � +�, ? 4= Xqghu wklv frqglwlrq/

(+f
o>w�o

f
p>w�p

k
w�o

k
w�p

, @ �
3
�
o4
�
p4

P
4
+o>p,(k

w
. �

o4
P

5
+o>p,(k5

w
+58,

zkhuh/ iru p� o A 4>

P
4
+o>p, @ 4.�

3

Sqip�oj

%
p�o�4S
l@4

#
lT

m@4

�
m

$
h
4
.

p�oT
l@4

�
l

�
m
s�4

. �
p�o.4

+L
s
���,�4 h

s�4

�&
+59,

dqg/ lq sduwlfxodu/

P
4
+p� 4>p, @ 4 . �

3

Sqi4j

k
m
s�4

. �
5
+L

s
���,�4 h

s�4

l
zkhuh m

s�4
@ +4> 4> ===> 4,3 lv d +s� 4,� 4 yhfwru1 Ixuwkhupruh/

P5
+o>p, @ P

54
+o>p, . �

p4

7S
l@5

P
5l
+o>p, +5:,

vxfk wkdw iru p� o A 4

P
54
+o>p, @ h�

p�o>p
. �

3

Sqip�oj

%
p�o�4S
l@4

#
lT

m@4

�
m

$
h
4
h�
p�o�l>p

&
+5;,

P
55
+o>p, @

p�o�4S
l@4

�
l4
P

55
+p� o � l,.

sS
m@p�o.4

h�
m�p.o>m

+5<,

dqg/ iru p� o @ 4> P
54
+p� 4>p, @ h�

4p
dqg P

55
+p� 4>p, @

sS
m@5

h�
m�4>m

= Lq dgglwlrq/

lq +5:,/ iru dq| o ? p>

P
56
+o>p, @

p�o.s�4S
l@p�o.4

� +f +p� o, > 5> l� 4, +63,

P
57
+o>p, @�

3

Sqip�oj

#
p�o.4T
m@4

�
m

$
+L

s
���,�4� +p�o.s.4>p�o.5s�4, = +64,

44



Surri1 Vhh Dsshqgl{ 81

516 D qhfhvvdu| dqg vx!flhqw frqglwlrq iru h{lvwhqfh ri wkh irxuwk prphqw

Wkhruhp 4 doorzv xv wr h{suhvv wkh h{shfwdwlrq +8, dv d ixqfwlrq ri (kw dqg (k5w = Zh fdq

zulwh

(k5
w
@ �5

3
. 5�3

�
�
4
.
S
o?p

�
o4
�
p4

P4 +o>p,

�
(k

w
.

�
�
5
. 5

S
o?p

�
o4
P5 +o>p,

�
(k5

w
= +65,

Iurp +65, dqg wkh dvvxpswlrq �+�, ? 4 zh kdyh

Wkhruhp 51 D qhfhvvdu| dqg vx!flhqw frqglwlrq iru wkh h{lvwhqfh ri wkh irxuwk xqfrq0

glwlrqdo prphqw ri ix
w
j lq wkh JDUFK+s/s, prgho +4, zlwk +5, lv

�
5
. 5

S
o?p

�
o4
P5 +o>p, ? 4= +66,

Wkh irxuwk prphqw lv

(+x7
w
, @

�5
3
�7^4 . �

4
. 5

S
o?p

�
o4
�
p4

P4 +o>p,`

+4� �
4
,^4� �

5
� 5

S
o?p

�
o4
P5 +o>p,`

= +67,

517 Vshfldo fdvh= JDUFK+5/5,

Wr looxvwudwh wkh deryh jhqhudo wkhru| zh frqvlghu wkh JDUFK+5/5, surfhvv1 Zh kdyh

Fruroodu| 41 Iru wkh JDUFK +5> 5, prgho/

( +f4>w�4f5>w�5kw�4kw�5, @ �3�44�54P4 +4> 5,(kw . �
44
P5+4> 5,(k

5

w
+68,

zkhuh P4+4> 5, @ +4� �
54
,�4 dqg P5 +4> 5, @ h�

45
+4� �

54
,�4 li dqg rqo| li �

54
? 4=

Surri1 Vhh Dsshqgl{ 91

Fruroodu| 51 Iru wkh JDUFK +5> 5, prgho d qhfhvvdu| dqg vx!flhqw frqglwlrq iru wkh

h{lvwhqfh ri wkh xqfrqglwlrqdo irxuwk prphqw ri ix
w
j lv wkdw

+�
45

. �
55
, +4� �

54
, . 5�

44
h�
45

. �
54

? 4= +69,

45



Zkhq +69, krogv/

(+x7
w
, @

�5
3

�
7
^+4 . �

44

. �
54

, +4� �
54

, . 5�
44

�
54

`

+4� �
44

� �
54

, ^+4� �
54

, +4� �
45

� �
55

,� 5�
44

h�
45

`
= +6:,

Li �
5

@ �
5
@ 3> zh kdyh wkh JDUFK+4/4, prgho/ dqg +69, lv vlpso|

�
45

@ �5
4

. 5�
4

�
4
�
5
. �5

4

�
7
? 4= +6;,

Wklv lv wkh h{lvwhqfh frqglwlrq lq Whuçvyluwd +4<<9,1 Vhwwlqj �
5
@ 4 dqg �

7
@ 6 lq +6;,

|lhogv wkh frqglwlrq zklfk Eroohuvohy +4<;9, rewdlqhg iru qrupdo huuruv1

6 Wkh dxwrfruuhodwlrq ixqfwlrq iru wkh vtxduhg surfhvv

Plok!m +4<;8, suryhg wkdw wkh vtxduhg surfhvv ix5
w
j kdv dq dxwrfruuhodwlrq ixqfwlrq vlplodu

wr wkdw ri d vwdqgdug dxwruhjuhvvlyh surfhvv ri rughu s zkhq ixwj iroorzv dq DUFK+s,

surfhvv zlwk qrupdo huuruv1 Kh dovr gh�qhg wkh �uvw s dxwrfruuhodwlrqv ri ix5
w
j dv

4 @ +Ls��,�4k +6<,

zkhuh 4 @
�
�
4

> ===> �
s

�3
> k @+�

4
> ===> �

s
,
3

dqg wkh s � s pdwul{ � @
�
#
lm

�
lv gh�qhg e|

#
lm
@ �

l.m
. �

l�m
pdnlqj xvh ri wkh idfw wkdw �

n
@ 3 iru n � 3 dqg n A s= Iru q A s>

�
q
@

sS
l@4

�l�q�l= +73,

Eroohuvohy +4<;9/4<;;, dssolhg wklv dssurdfk wr wkh JDUFK+s> s, fdvh dqg rewdlqhg wkh

dqdorjxh ri wkh \xoh0Zdonhu htxdwlrqv iru wkh dxwrfruuhodwlrq ixqfwlrq ri ix5
w
j1 Kh zdv

deoh wr vkrz wkdw iru dq| q A s> wkh dxwrfruuhodwlrqv kdyh wkh irup

�
q
@

sS
l@4

+�
l
. �l, �q�l= +74,

Krzhyhu/ kh glg qrw |hw surylgh wkh �uvw s dxwrfruuhodwlrqv �
4

> ===> �
s
= Zh vkdoo gr wkdw

khuh1

46



Wr �{ qrwdwlrq/ zulwh wkh qwk rughu dxwrfruuhodwlrq ri ix5
w
j dv

�
q
@ �+x5

w
> x5

w�q
, @

(+x5
w
x5
w�q

,� +(x5
w
,5

(+x7
w
,� +(x5

w
,5

+75,

iru q � 4= Lq rughu wr rewdlq �
q
> zh pxvw �qg dq h{suhvvlrq iru (+x5

w
x5
w�q

, dv d ixqfwlrq

ri (x7
w
dqg (x5

w
= Wklv fdq eh grqh e| dsso|lqj uhvxowv lq Vhfwlrq 51

614 Wkh pl{hg prphqw (+x5
w
x5
w�q

,

Lw lv reylrxv wkdw frpelqlqj +4, dqg Ohppd 4 zloo jlyh xv wkh pl{hg prphqw (+x5
w
x5
w�q

,>

q � 4= Frqvlghu �uvw wkh fdvh 4 � q � s= Ohw �
l4
@H+%5

w
f
lw
, iru l @ 4> ===> s= VhwwlqjP

4
+q, @

P
4
+3> q, dqg P

5
+q, @ P

5
+3> q,> lw iroorzv gluhfwo| iurp Wkhruhp 4 wkdw

(
�
x5
w
x5
w�q

�
@ �

3
�5
5
P

4
+q,(k

w
. �

5
P

5
+q,(k5

w
= +76,

Dv lq +5:,/ ohw

P5
+q, @ P

54
+q, . �

5

7S
l@5

P
5l
+q, +77,

vxfk wkdw iru q @ 5> ===> s>

P
54
+q, @ �

q4
. �

3

Sqiqj

%
q�4S
l@4

#
lT

m@4

�
m

$
h
4
�
q�l>4

&
+78,

P
55
+q, @

q�4S
l@4

�
l4
P

55
+q� l,.

sS
m@q.4

h�
m�q>m

= +79,

Ixuwkhupruh/ iru q @ 4> P
54
+4, @ �

44
dqg P

55
+4, @

sS
m@5

h�
m�4>m

= Lq dgglwlrq/ iru q @

4> ===> s>

P
56
+q, @

q.s�4S
l@q.4

� +f +q, > 5> l� 4, +7:,

dqg

P
57
+q, @ �

3

Sqiqj

%#
q.4T
m@4

�
m

$
+L

s�
��,�4

&
� +q. s. 4> q. 5s� 4, = +7;,

Qh{w/ ohw q A s= Xqghu wklv dvvxpswlrq lw fdq eh vkrzq wkdw +76, vwloo krogv li zh gh�qh

wkh frh!flhqwv ri (k
w
dqg Hk5

w
dv ixqfwlrqv ri q lq d surshu zd|1 Lq rughu wr gr wkdw/

47



�uvw qrwh dq dqdorj| wr wkh vlwxdwlrq lq Vhfwlrq 51 Wkxv/ zkloh f
l>w�+q.m, dqg k5

w�+q.m,

duh vwrfkdvwlfdoo| lqghshqghqw/ wkh surgxfw F�

q�+s�4,
F�

q�+s�5,
� � �F�

q
lv qrw vwrfkdvwlfdoo|

lqghshqghqw ri k�
53w

1 Wklv lv ehfdxvh wkhuh lv dq hohphqw vxfk dv f
l>w�q

zklfk lv d ixqfwlrq

ri %5
w�q

iru vrph q rq wkh vhfrqg urz ri hdfk pdwul{/ vd|/ F�

q�m
> m @ 3> 4> ===> s� 4= Dv lq

Vhfwlrq 5/ gh�qh wkh +s.4,�4 yhfwru f�
53w

@
�
3> 4> f4>w�+q.4,> ===> fs�4>w�+q.s�4,

�3
1 Zh qrz

kdyh wr frqvlghu wkh h{shfwdwlrq (
�
%5
w�q

F�

q�+s�4,
F�

q�+s�5,
� � �F�

q
f�
53w

�
> q A s> zklfk lv

jlyhq lq wkh iroorzlqj ohppd1

Ohppd 8 1 Iru q A s>

(
�
%5
w�q

F�

q�+s�4,
F�

q�+s�5,
� � �F�

q
f�
53w

�
@ +3>P54+s,.�5P55+s,>P54+s�4,.�5P55+s�4,>� � �>P54 +4,.�5P55 +4,,

3 = +7<,

Surri1 Vhh Dsshqgl{ :1

Ohppd 8 lpsolhv wkdw iru q A s> (
�
%5
w�q

F�

q�+s�4,
F�

q�+s�5,
� � �F�

q
k�
53w

�
grhv qrw gh0

shqg rq q=

Ohw (f�
s.4

@ �
s.4

@
�
�3> �44> ===> �s4

�3
eh d +s. 4,�4 yhfwru/ (F�

l
@ �

�
iru l @ 5> ===> q>

(F�

q.4
@ ��

q.4
dqg (F�

l
@ � iru l A q . 4= Zh revhuyh wkdw khuh HF�

l
+l @ 5> ===> q. 4,

duh txlwh gl�huhqw iurp HF
m
+m @ 5> ===>p� o . 4, gh�qhg lq Vhfwlrq 51 Krzhyhu/ zkhq

l A q . 4 dqg m A p� o . 4> (F�

l
@ (F

m
@ �= Wkxv wkh frqglwlrq �+�, ? 4 lv uhtxluhg

iru h{suhvvlqj (+x5
w
x5
w�q

, dv d ixqfwlrq ri (x7
w
dqg (x5

w
=

Pruhryhu/ uhvxowv ri Ohppd 8 pdnh lw srvvleoh wr suryh wkdw P5+q, fdq eh h{suhvvhg

dv d ixqfwlrq ri P5+4,> ===>P5+s, iru q � s. 4= Zh kdyh

Ohppd 9 1 Gh�qh wkh pl{hg prphqw (
�
x5
w
x5
w�q

�
dv lq +76, dqg ohw q A s= Wkhq/ iru

q � s. 4>

P5+q, @ �
3

s.4
�

q�+s.4,

�
p5 +83,

48



zkhuh p
5
@ +3>P

5
+s,> ===>P

5
+4,,3 lv d +s.4,� 4 yhfwru dqg P

5
+l, > l @ 4> ===> s> duh jlyhq

e| +77,0+7;,1

Surri1 Vhh Dsshqgl{ ;1

Lw qrz iroorzv iurp Ohppd 4 wkdw

(
�
x5
w
x5
w�q

�
@ (

�
%5
w
%5
w�q

V
43

�
.(

�
%5
w
%5
w�q

V
53

�
.

nS
l@q.4

(
�
%5
w
%5
w�q

V
4l

�
.

nS
l@q.4

(
�
%5
w
%5
w�q

V
5l

�
. (

�
%5
w
%5
w�q

V
n

�
= +84,

Dvvxph djdlq wkdw wkh surfhvv vwduwhg lq�qlwho| idu lq wkh sdvw dw vrph �qlwh ydoxh1 Wkhq/

jlyhq wkh suhylrxv uhvxowv/ wkh olplw ri +84, dv n$4 h{lvwv dqg lv lqghshqghqw ri w li dqg

rqo| li doo wkh hljhqydoxhv ri � olh lqvlgh wkh xqlw flufoh1 Wklv lv reylrxv ehfdxvh lw zdv

vhhq wkdw Hx7
w
?4 uhtxluhv �+�, ? 4= Dv n $4> wkh odvw wkuhh whupv rq wkh uljkw0kdqg

vlgh ri +84, fdq eh hydoxdwhg e| Ohppdwd 5 wr 71 Dv iru wkh �uvw wzr whupv/ zkhq q � s

zh pd| dsso| Wkhruhp 4/ rwkhuzlvh zh dsso| Ohppdwd 8 dqg 91 Wkh qh{w wkhruhp jlyhv

wkh prphqwv1

Wkhruhp 61 Wkh pl{hg prphqw (+x5
w
x5
w�q

, kdv wkh irup

(
�
x5
w
x5
w�q

�
@ �

3
�5
5
P

4
+q,(kw . �

5
P

5
+q,(k5

w
+85,

zkhuh iru q � 4>

P
4
+q, @ �

3

s.4
�q�4

�

k
h
�3

. ��
q.4

+L
s
���,�4 h

s�4

l
+86,

zlwk h
�3

@
�
��4
3
> 3> 4> ===> 4

�3
lv d +s. 4,�4 yhfwru1 P

5
+q, lq +85, lv gh�qhg e| +77,0+7;,

iru q � s> rwkhuzlvh P
5
+q, lv jlyhq e| +83,1

Surri1 Vhh Dsshqgl{ <1

49



615 Wkh dxwrfruuhodwlrq ixqfwlrq iru wkh vtxduhg surfhvv

Qh{w zh ghulyh wkh dxwrfruuhodwlrq ixqfwlrq ri ix5
w
j dqg ehjlq e| lqwurgxflqj vrph qr0
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? 4= +89,

Dsso|lqj Wkhruhp 5 dqg Wkhruhp 6 wr htxdwlrq +75, jlyhv

Wkhruhp 71 Dvvxph wkdw frqglwlrq +89, krogv1 Iru wkh JDUFK +s> s, prgho +4, zlwk
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Surshuwlhv ri wkh dxwrfruuhodwlrq ixqfwlrq i�
q
j> q @ 4> 5> � � � > fdq eh hvwdeolvkhg
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61 Wkh dxwrfruuhodwlrq ixqfwlrq lv grplqdwhg e| dq h{srqhqwldo ghfd| dqg olp
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616 Vshfldo fdvh= JDUFK+5> 5,
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vhh Whuçvyluwd +4<<9,1 Vhwwlqj �5 @ 4 dqg �7 @ 6 lq +9;, |lhogv wkh fruuhvsrqglqj uhvxow

iru qrupdo huuruv jlyhq lq Eroohuvohy +4<;;,1

617 Wkh DUFK+s, surfhvv

Dv d ixuwkhu looxvwudwlrq/ zh uhsurgxfh wkh dxwrfruuhodwlrq ixqfwlrq ri ix5
w
j lq dq DUFK+s,
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Li wkh huuruv duh dvvxphg qrupdo/ wkhq +:3, jlyhv wkh fruuhvsrqglqj uhvxow zklfk lv wkh

rqh Plok!m +4<;8, rewdlqhg1 Dv dq h{dpsoh/ iru wkh DUFK+5, prgho lw iroorzv iurp +:3,/
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41 Ohw s A t lq wkh JDUFK +s> t, prgho1 Wkhq wkh qhfhvvdu| dqg vx!flhqw frqglwlrq
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H{dpsohv ri wkh xvh ri wklv wkhruhp fdq eh irxqg lq Kh dqg Whuçvyluwd +4<<:,1

8 Frqfoxvlrqv

Zh kdyh rewdlqhg d frpsohwh fkdudfwhul}dwlrq ri wkh irxuwk prphqw vwuxfwxuh ri d jhq0

hudo JDUFK+s> t, surfhvv1 Zlwk rxu uhvxowv/ dq lqyhvwljdwru fdq vhh zkdw dq hvwlpdwhg

JDUFK prgho lpsolhv derxw wkh vhfrqg dqg wkh irxuwk prphqwv/ nxuwrvlv/ dqg wkh dx0

wrfruuhodwlrq ixqfwlrq ri wkh fhqwuhg dqg vtxduhg revhuydwlrqv1 Vxfk frqvlghudwlrqv kdyh
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suhylrxvo| ehhq srvvleoh lq wkh JDUFK+4/4, fdvh1 Wkhvh uhvxowv fdq eh h{whqghg wr rwkhu

JDUFK surfhvvhv zklfk duh jhqhudol}dwlrqv ri wkh ruljlqdo JDUFK+s> t, surfhvv1 Iru

h{dpsoh/ vrph JDUFK surfhvvhv doorzlqj iru dv|pphwulf h�hfwv wr vkrfnv ehorqj wr wklv

fdwhjru|1 Wkrvh jhqhudol}dwlrqv duh d wrslf ri ixuwkhu zrun1

Zh kdyh qrw frqvlghuhg prphqwv ri kljkhu wkdq irxuwk rughu1 Ghulylqj wkrvh xvlqj wkh

suhvhqw whfkqltxhv zrxog qr grxew eh whglrxv1 Rq wkh rwkhu kdqg/ dv xqghuolqhg deryh/

wkh irxuwk prphqwv duh suredeo| pruh lqwhuhvwlqj lq sudfwlfh wkdq dq| kljkhu rughu rqhv1
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Uhihuhqfhv

Ehud/ D1 dqg P1 Kljjlqv +4<<6,1 DUFK prghov= surshuwlhv/ hvwlpdwlrq/ dqg whvwlqj1 Mrxu0

qdo ri Hfrqrplf Vxuyh|v :/ 63806991

Eroohuvohy/ W1 +4<;9,1 Jhqhudol}hg dxwruhjuhvvlyh frqglwlrqdo khwhurvnhgdvwlflw|1 Mrxuqdo ri

Hfrqrphwulfv 64/ 63:065:1

Eroohuvohy/ W1 +4<;;,1 Rq wkh fruuhodwlrq vwuxfwxuh iru wkh jhqhudol}hg dxwruhjuhvvlyh frq0

glwlrqdo khwhurvnhgdvwlf surfhvv1 Mrxuqdo ri Wlph Vhulhv Dqdo|vlv </ 45404641

Eroohuvohy/ W1/ U1I1 Hqjoh dqg G1E1 Qhovrq +4<<7,1 DUFK prghov1 Lq= U1I1 Hqjoh dqg G1O1

PfIdgghq/ hgv1 Kdqgerrn ri hfrqrphwulfv/ Yro1 7/ 5<8<0636;1 Dpvwhugdp= Hovhylhu1

Glherog/ I1[1 dqg M1D1 Orsh} +4<<8,1 Prghoolqj yrodwlolw| g|qdplfv1 Lq= N1G1 Krryhu/

hg1= Pdfurhfrqrphwulfv1 Ghyhorsphqwv/ whqvlrqv/ dqg survshfwv/ 75:07991 Ervwrq=

Noxzhu1

Hqjoh/ U1I1 +4<;5,1 Dxwruhjuhvvlyh frqglwlrqdo khwhurvnhgdvwlflw| zlwk hvwlpdwhv ri wkh

yduldqfh ri X1N1 lq dwlrq1 Hfrqrphwulfd 83/ <;:0433;1

Hqjoh/ U1I1/ hg1 +4<<8,1 DUFK1 Vhohfwhg uhdglqjv1 R{irug= R{irug Xqlyhuvlw| Suhvv1

Jxìjdq/ G1 +4<<7,1 Vìulhv fkurqrorjltxhv qrq olqìdluhv ã whpsv glvfuhw1 Sdulv= Hfrqrplfd1

Kh/ F1 dqg W1 Whuçvyluwd +4<<:,1 Surshuwlhv ri wkh dxwrfruuhodwlrq ixqfwlrq ri vtxduhg

revhuydwlrqv iru vhfrqg rughu JDUFK surfhvvhv xqghu wzr vhwv ri sdudphwhu frq0

vwudlqwv1 Vwrfnkrop Vfkrro ri Hfrqrplfv/ Zrunlqj Sdshu Vhulhv lq Hfrqrplfv dqg

Ilqdqfh/ Qr1 49<1

Oruhwdq/ P1 dqg S1F1E1 Skloolsv +4<<7,1 Whvwlqj wkh fryduldqfh vwdwlrqdulw| ri khdy|0wdlohg

wlph vhulhv= Dq ryhuylhz ri wkh wkhru| zlwk dssolfdwlrqv wr vhyhudo �qdqfldo gdwdvhwv1

Mrxuqdo ri Hpslulfdo Ilqdqfh 4/ 544057;1

Plok!m/ D1 +4<;8,1 Wkh prphqw vwuxfwxuh ri DUFK surfhvvhv1 Vfdqglqdyldq Mrxuqdo ri

Vwdwlvwlfv 45/ 5;405<51
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Sdop/ I1F1 +4<<9,1 JDUFK prghov ri yrodwlolw|1 Lq= J1V1 Pdggdod dqg F1U1 Udr/ hgv1

Kdqgerrn ri Vwdwlvwlfv/ Yro1 47/ 53<05731 Dpvwhugdp= Hovhylhu1

Vkhskdug/ Q1 +4<<9,1 Vwdwlvwlfdo dvshfwv ri DUFK dqg vwrfkdvwlf yrodwlolw|1 Lq G1U1 Fr{/

R1H1 Eduqgru�0Qlhovhq dqg G1Y1 Klqnoh|/ hgv1 Vwdwlvwlfdo prghov lq hfrqrphwulfv/

�qdqfh/ dqg rwkhu �hogv/ 409:1 Orqgrq= Fkdspdq dqg Kdoo1

Whuçvyluwd/ W1 +4<<9,1 Wzr vw|ol}hg idfwv dqg wkh JDUFK+4/4, prgho1 Vwrfnkrop Vfkrro

ri Hfrqrplfv/ Zrunlqj Sdshu Vhulhv lq Hfrqrplfv dqg Ilqdqfh/ Qr1 <91
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