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One of the difficulties that arise in the statistical analysis of autoregressive
schemes is the very complex nature of the domain of the regression parameters.
In the present paper we study an alternative parametrization of autoregressive
models of finite order, namely the parametrization by the partial autocorrela-
tions. These are shown to vary freely from —1 to +1 and to be in a one-to-one,
continuously differentiable correspondence with the regression parameters.
Properties of the asymptotic normal distribution of the maximum likelihood
estimates are discussed, and we present a new deduction of Quenouille’s result
on the asymptotic independence of some of the estimated partial autocorrelations.

I. INTRODUCTION

Denote by {z;} an autoregressive process of finite order p, i.c., {;} is the
stationary solution to the stochastic difference equation

(2 — 1) —@Rpes — ) — = @2, —p) =a,  t=0,%1., (1)

where {a,} denotes a set of independent and identically normally distributed
random variables with mean value 0 and variance 0,% Ez, = pand ¢, ,..., ¢, are
real constants. A necessary and sufficient condition for the stationarity of the
solution of (1) is that no one of the roots of the characteristic polynomial

P(2) =1 — g2 — = — @37, zeC,
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lies on the unit circle. Furthermore, we will require the 2-process to be repre-
sentable as a backward moving average of the a-process,

o
2 =Y a4, ;+p  (convergence in square mean).
=0

1t is well known that this is equivalent to assuming that ¢ = (g, ,..., @,) belongs
to
O, = {peR?| w(z) £ 0,z€C, | 2| < 1},

(see e.g., Anderson [1]).

In general @, is very complicated, but in the cases p = 1, 2, 3, it is possible
to give rather simple criteria which are expressed directly in the ¢’s. Thus @, is
determined by the equations

@1+ @ + o3 < 1,

—¢ + gy — @y < 1,
(2)

Palps — @) — @ < 1,
[a] <L

In Wise [9] the root criterion is converted into a set of conditions on the ¢’s,
well suited for practical purposes, but apparently without any simple statistical
interpretation and difficult to handle in theoretical studies.

Now, let ;. denote k-th partial autocorrelation, i.e., the conditional correlation
between 2, and 2,,, given the intervening 2’s, 2,1 ,-.., 21—y - Moreover, let IT
be the mapping which transforms ¢ to ® = (m ..., 7,) and set IT, = II(D,).
({=;} is a p-th order Markov process and hence 7, = 0 for & > p). It will be
shown in Section III that IT is one-to-one and both ways continuously differen-
tiable. Thus the class of p-th order autoregressive models may be smoothly
parametrized by . This parametrization has the advantages that I7,, the
variation domain for =, is the simple product set ]—1, 1[? and that the asymptotic
normal distribution of efficient estimates of m has some useful properties of
independence and constant variance (confer, respectively, Sections III and IV).
The functional expression for the likelihood function based on a sample z, ,..., 2,
is, roughly speaking, equally complex in terms of = and in terms of ¢. For
i = 0, 0,2 = 1 the expression has, respectively, the form

(1/2Y (1 — w21 — mg2) =+ (1 — 7, 2)P/2 g~ 1/2P®)
where P(=) is a polynomial in the #,’s, and the form

(12m)n/2 | T |-1/2 ¢~/ 0@)
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where the determinant | T', [~ and Q(<p) are polynomials in the ¢,’s, O(¢p) being
of the second degree. For example, with p = 2 we have

n n—1 n—2 n
Pr) =Y 22 +m*1 —m)P Y 22 +m2 ) 22 —2m(l —my) Y 242
1 2 3 2

n—1

—_ 2772 Z zi_zzi + 27T177'2(1 o 772) Z 2’i_12’i
3 3

and
[Ty |7t = (1 + @)![(1 — @2)* — &)

Thus, shifting from ¢ to = simplifies the factor in front of the exponential term
but makes the exponent more complicated.

Partial autocorrelations play an important role in the methodology for time
series analysis developed in recent years by Box and Jenkins [3].

I1. PREREQUISITES

In addition to the quantities introduced in Section I let us consider the variance,
covariance, and autocorrelations of {z},
Yo = E(z — u)?,
7o = Bz — )3 — 1) B =12,
Pr = YilYo k=12,..,

and, moreover, the auxiliary variables ¢, ; defined by

| R Pr,1 P1

po Lo Pr,2 P2

. - . . = : ’ k == 1, 2,... . (3)
pea - 1 Pr.x Pr

The coefficients ¢, ,..., p,, satisfy the Yule-Walker equations

I opy o ppa]| ™ P1
[ ) P2 P2

Pp1 ° ves 1 P, Py
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and, therefore,

P = Pi» Jj=1u.,p.
Furthermore,

Prx — Tr > k = 1, 2,... .
Hence (3) connects ¢ and . Particularly, we have
Ty = Pp -

As noted by Durbin [6] the following recursive formulas hold:

Pr+1,d = Pr.i ™ Pr+1. k1P, k+1-7 » J=1l..k (4
x x
Prt+1,k6+1 — (Pk+1 - Z <Pk.5Pk+1—j) / (1 - Z ‘Pk,iPa’)!
i=1 j=1
and these will prove useful in the sequel.
-Set
L pp o e
pp 1 - .
Pk == : : . . : and I'k = 'yopk .
Pr-1 . 1

It seems rather well known, and may be proved by elementary means that

[Prog | = (1 — m2*(1 — mp2)e-2 - (1 — md), k=1,2,.. (5)

Using (4) we easily find
1 — pypry — = — o = (1 — 7)1 — mp?) - (1— "Tkz), k=1,2,.,
(6)

and thus, in particular,
1—pi@1— = pppp = (1 = )1 — mg?) =+ (1 — 7). M
From (5), (7), and the equation

Yo = /(1 — pypy — *** — pupy)
we finally obtain

Yo = ol — ) o (L= m ®)

To prove the relation IT, = ]—1, 1[?, we need the following characterization
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(due to Duffin [5)) of Schur polynomials, which are the polynomials f(z) with th
property that f(z) = 0 implies | 2| < 1.

CRITERION 1. Let f(2) be the polynomial
f(2) =ay+ a2z + - + a,2",
where ay # 0, a,, # 0 and n + 0. Let f(2) be the reduced polynomial
F(2) = (@a8y — Qo) + (@aly — Aoiin_g)z +  + (Fuy — ApB)2" "
of degree n — 1. Then f(2) is a Schur polynomial if and only if

, aO l < ] ap I;
F(2) is a Schur polynomial.

III. THE CORRESPONDENCE BETWEEN ¢ AND 7@

Let IT denote the mapping of ¢ = (¢; ,..., pp) € P, into w = (my ,..., mp) € I1,
as it is defined in I. Since m, is a partial correlation in a regular normal distribu-
tion, we have

m,C1-1, 11~

From (4) we see that

Po.i = Po-1.0 — Pp.oPo-1.9-i 9

= Pp-2, — Po-1,0-1Pp-2,0-1-i ™ Pp,sPv-1,p—j

=@, 7 Pit1,i11Pi1 T PiregrePitle — T T Po,0Pp-1.0-4 (10)
j=1.,p—1
The right-hand side of (10) contains the m;’s and g;,,’s with m < I < p and
we can continue using (10}, ending up with a polynomial in the 7;’s. Equation (10)
therefore defines a mapping @ from R? into R, the restriction of which to IT,, is
the inverse @ of IT (recall that ¢, ; = ¢;).
Forp = 1,2, 3, and 4 the mapping @ is given by

p=1 g=m
P=2 pr=m(l —m)

Pz = Ty
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P=3 @ =m—mm—mm
Py = My — WMy + WMy
P3 = T3
=4 @ =m — mmy — mymy — mymy
Pg T Ty — WYy — MWy & Wy Tywy - WGy — WG
Py = Wy — MTy | WMy + Ty

Pa

I

Ty -

TreoreMm 2. The mapping II, which transforms ¢ = (@;,...,@,) t0 T =
(71 youry 7y,) 15 Ome-to-one and onto 1—1, 1[?. Furthermore, both II and its inverse
D are continuously differentiable.

Proof. Consider the polynomial

P(2) = 1 — @z — = — g2~
It is easily seen that ¢ € @, if and only if
$(2) = —@p — @pa¥ — T — 3P+ 2P = 2P(1/2)

is a Schur polynomial, and, according to Criterion 1, this is equivalent to the
conditions

fen | <1,
$(z) = (1 — @2) (o + ® + =+ + oy 372 + 27-1) is a Schur polynomial,
where
% = (Pp1-i T Pina®)/(1 — ¢,7), i=0,1,..,p—2
Next, it will be proved that
Oy = Qp_y po1—i> 1=0,1,.,p—2. (11)
The equations
Po,i = Po-1.i — Pp,oPo-1,p-5 J=1L.,p—1 (12)

determine, for ¢, , fixed, a transformation of (@, s Pp.pq) 10 (Pp_yg seves
©Pp1.p-1) With the Jacobian matrix

]p—l =



414 BARNDORFF-NIELSEN AND SCHOU

(recall that 7, = ¢, ) where the central element is | — =, if p is even. Since the
value of | J,; | is

(1 — m,2)o-Dr2 i pis odd,

— [»/2] [(p-1)/2]
(L — )P (1 + my) (1 — 7 2)o-272(1 — ) it pis even,

which is 3£ 0 if and only if =% 5 1, it suffices to prove that the o’s satisfy (12):

Ay — Pty = (1 — R (s Pp—iPp) — PulPp_s + ®iPp))
=@

Thus (11) is established.
Observing that

Oy = Pp_1,0-1 = Tp-1>

a repetitive use of Criterion 1 immediately shows that $(z) is a Schur polynomial
if and only if

Jmy ] <TA[ml <TA-afm| <l

and thus
I, =1-1,1p"

Since @ (defined by (10)) is a polynomial in =, @ is continuously differentiable.
IT, = ]—1, 1[? is open, @ = IT-! is the restriction of @ to /1, , and hence II-1
is continuously differentiable. To prove that IT itself is continuously differen-
tiable, it is therefore, by the inverse function theorem, sufficient to show that

oP

on*

£0, wmell, (13)

(m* denotes the transposed of m). As was pointed out by Daniels [4], the
Jacobian (13) can be found by repetitive use of the transformation (12), yielding

[o@fon* | = |Jpuql 1Jpeal 1]l
»
= H (1 — 7)*2 (1 4 y )LE-1/2) £ (), nell,. |
k=2
IV. Asymproric DISTRIBUTION OF ESTIMATES

Let ¢, denote the maximum likelihood estimate of ¢ = (@ ,..., ¢,) based on
a sample 2 ,..., 2, . It is well known that, as » — oo, ¢, is asymptotically
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normally distributed with mean value ¢ and variance (1/n) j(¢)* where j(e),
the information matrix for ¢, is given by

() = (1/(1 — @1pr — = — @upy)) Py (14)

(a detailed proof of this asymptotic result can be found in [2]). It follows, by
Theorem 2, that the maximum likelihood estimate #,(= II($,)) of = has an

asymptotic normal distribution whose mean value is & and whose variance is
(1/n) i(x)~* where

i(m) = (0P/on*) j(P(x)) (0D*/ox). (15)

Two important properties of i(r) are described in Theorems 3 and 4 below.

THEOREM 3. The information matrix for = is of the form

i(xn) =

where Ay, = Ay (r) denotes a (p — 1) X (p — 1) matrix.

Proof. 1In view of formulas (14) and (15) it is enough to prove the following
results {a)~(c).

oD* . Bll B12
(a) on [B21 B22]

where
Byis(p—-DXx(p—1)
B, and Bf are (p — 1) X 1

By, = (0,...,0)
Byisl X 1.
oP C,; C
b — [ L
®) om* P [C21 sz]

683/3/4-6
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where
Chis(p—Dx(p—1
C,and Cf are (p — 1) x 1
C21 = (O,..-, O)
Cyy = [e] is 1 X 1.
() (/{1 =@y — = @upu))(CeuBya + CoBa) = (1 — m3)7L

Re(a). The elements of By are

Pop 0 o h—1,..p—1.

817k 37rk
Re(b). From (10) we obtain
0Pp,i0Pp,p = —Pp-1.0-i> IL<j<p
and so we have to prove that
[—®o1,0-17 —Po1.0-2 s —Pp1.1> 1P, = [0,..., 0, ¢z,
but this is equivalent to (3) with2 = p — 1.
Re(c). Using (6), (7) and (17) we obtain (c). |}
From (10) it is easy to find that

09y.i 09y, :
L = 2 , k < —_ 1, < - 1.
Opr ©p,y=0 0Py, 1 sP Isp

(16)

(17

(18)

Pp1.1 3+» Pp1,p_1 Ar€ the p-parameters in the (p — 1)-th order autoregression
defined by =, ,..., m,_ - We will denote by @' the mapping = — ¢ for this
autoregression, and by w! the vector (m ,..., m,4). Using (6), (16), (17), and (18)

we obtain
{7y 4oy 7y, 0)

= (G 0 5]

mp=0
. 1
T (=7
o1 A p ||| ae |
oxl* | 1] omt |
X 10 | p1 |~ 11
———————————— [ I e [ e
[ | |
—Pp1.p1" P11l 1 Po1prl 1 001 1
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1
1= ”12) (1= ﬂi_l)
oo o | ggrx | ~Prar
g7 Poa| |
; ; —Pp-11
_______ ]__._. __-._—)_.___.-_-_.
00 lem |LO01 1
{ 0
ORE
_—— - — =—~
G6---011

where iY(w') is the information matrix in the (p — 1)-th order autoregression.
Repetition of this procedure proves the following theorem.

THEOREM 4. To indicate the dependence of i(w) on p, the autoregressive order,
we write i,(w). With this notation we have for p < p

ip(m T i(my,nmy) O

lﬁ( T2 p> 0,-.-, O) [ ( ! ’0 * " l]’
where 1 is the unit matrix of order p — p and O stands for a matrix consisting of
zeroes. % consistit

The theorem shows that if an autoregressive model of order § is fitted to an
observed autoregression which is actually of order p < p, then asymptotically
the estimates #,,; ,..., #; are independent and identically normally distributed
with mean 0 and variance n71; furthermore (#, ..., #,) is asymptotically inde-
pendent of (#,,, ,...,#5). These properties hold, of course, not only for the
maximum likefihood estimates but for any asymptotically efficient estimates,
such as, for instance, the often employed estimates which are obtained through
estimating the autocorrelations p,, by

n—k n
B = (21 (2; — B)(Zern — z‘))/zl (2 — 52, k=1,
and then converting the j,’s into estimates of the m;’s by means of (4).

The abovementioned result goes back to Quenouille {7, 8], but the derivation
given here is different from Quenouille’s.

We have not found a simple general expression for i(n). The formula for
iy(m) is written out below. From this i (rn) for p = 1, 2, 3 may be easily obtained
by setting the appropriate m,’s equal to zero (cf. Theorem 4).



BARNDORFF-NIELSEN AND SCHOU

418

(52 — DEE2 — DE2 — 1) ! 0

g ututug — gPugfe — Vug — Jfu o {4
T
Vu fulfug — fu o Vutululup 5 (e — )
Yutue g — Ve dey 4 Sulug
Tufy - Vufy
Pufubu 4 tbatut o (P — )M — 1T

Vufy + ka‘mkl
Yululuy 4 Vulutut ) (G — 1) — )2 ] =
Puly Sy
v
Pugbug — g fu + fu A GVu
Paatag — Vafugfug 4 Wby~ | (o )

Vuly — 4

Va Yug — VuButup - Suluy — |

()P (%2 — 1) — DG — D2 — 1)
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